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Abstract

In this paper, we prove new relations between the bias of multilinear forms, the correlation
between multilinear forms and lower degree polynomials, and the rank of tensors over IF, =
{0,1}. We show the following results for multilinear forms and tensors.

Correlation bounds. We show that a random d-linear form has exponentially low corre-
lation with low-degree polynomials. More precisely, for d < 2°K), we show that a random
d
d-linear form f (X1, Xp,..., Xy) : (]Fé) — IF, has correlation 2-%(1=0(1)) with any polynomial
of degree at most d/10.
This result is proved by giving near-optimal bounds on the bias of random d-linear form,

which is in turn proved by giving near-optimal bounds on the probability that a random rank-t
d-linear form is identically zero.

Tensor-rank vs Bias. We show that if a d-dimensional tensor has small rank, then the bias
of the associated d-linear form is large. More precisely, given any d-dimensional tensor

T:[k]x...[k] =,
———
d times
of rank at most ¢, the bias of the associated d-linear form

fT(Xl/---er) = 2 T(Z'1,l'2,...,l'd)X1’l'1 .Xlriz "'Xd,id
(ilr"-rid)e[k]d

t
is at most (1 - 2‘1%1) .
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The above bias vs tensor-rank connection suggests a natural approach to proving nontrivial
tensor-rank lower bounds for d = 3. In particular, we use this approach to prove that the finite
field multiplication tensor has tensor rank at least 3.52k matching the best known lower bound
for any explicit tensor in three dimensions over IF5.

1 Introduction

This work is motivated by two fundamental questions regarding “explicit constructions” in com-
plexity theory: finding functions uncorrelated with low degree polynomials, and finding tensors
with high tensor rank.

Functions uncorrelated with low degree polynomials. The first question is that of finding an
explicit function uncorrelated with low degree polynomials. More concretely, we seek functions
f + F} — TF; such that for every polynomial P(Xj,...,X,) € F[X,..., X,] of degree at most ¢
(assume /¢ ~ n%! say),
1
Prlf(x) = P(x)] < 5 e

It is well known (and easy to prove) that a random function f has this property with ¢, super-
polynomially small (and even exponentially small); the challenge is to find an explicit function

f.

A solution to this problem will have immediate applications in boolean circuit complexity. It
will give hard-on-average problems for ACY(&), and via the Nisan-Wigderson hardness vs. ran-
domness technique [NW94], it will give pseudorandom generators against AC’(&) (improving
upon analogous results for AC? from the late 1980s). The original motivation for an explicit func-
tion with small €, came from the seminal work of Razborov [Raz87] and Smolensky [Smo87] who
showed that any function computable by a sub-exponential sized AC?(&) circuit satisfies ¢, =
(1) and furthemore that the MODj3 has ¢, = O(1). The Nisan-Wigderson paradigm [NW94]
of pseudorandom generator construction requires explicit functions with exponentially small ¢,,.
The current best known constructions of explicit functions [Raz87, Smo87, BK12, VWO08] that can-
not be approximated by low-degree polynomials come in two flavours, (a) polynomially small ¢,
(in fact, O(1/+/n)) for large degree bounds (d as large as n®!) or (b) exponentially small ¢, for
small degree bounds (d = O(logn)). However, we do not know of any explicit function f that
exhibits exponentially small ¢, against low-degree polynomials of polynomially large (or even
super-logarithmically large) degree polynomials. For a nice survey on correlation with low de-
gree polynomials, see [Vio09].

Tensors with high rank.  The second question is that of finding an explicit tensor of high tensor
rank. Tensors are a high-dimensional generalization of (2-dimensional) matrices. Just as a matrix
of size k over a field IF is given by a map M : [k]> — T, a tensor T of dimension d and size
k is given by amap T : [k]Y — . A tensor T is said to be of rank one if there exist vectors
Uy, U, ..., Uy € ]F’ﬁ such that T = u; @ up ® - - - ® uy or equivalently, for all (iy,...,i;) € [k]?, we
have T(iy,...,iz) = U1, - Up, - - - Ug;,- A tensor T is said to be of tensor-rank at most ¢t if it can be
written as the sum of ¢ rank one tensors. We seek tensors with tensor-rank as high as possible.

It is well known (and easy to prove) that a random tensor T tensor rank t as large as

Q(k?1/d). The challenge is to find an explicit such T with tensor rank larger than Q(kL%J ). A
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substantial improvement on this lower bound for any explicit tensor will have immediate ap-
plications in arithmetic circuit complexity; for d = 3, it will give improved arithmetic circuit
lower bounds [Str73], and for large d it will give superpolynomial arithmetic formula lower
bounds [Raz13, CKSV16]. Unlike matrix rank, we do not have a good understanding of tensor-
rank even for 3-dimensional tensors. For instance, it is known that for a given 3-dimensional ten-
sor T over the rationals, the problem of deciding if the rank of T is at most k is NP-hard [Has90].
In the case of dimension three, the tensor-rank of very specific tensors like the matrix multiplica-
tion tensor [B1499, Shp03], the finite field multiplication tensor [CC88, STV92] and the polynomial
multiplication tensor [BD80, Kam05] has been studied in prior works. For this case, the current
best lower bound known for any explicit tensor is a lower bound of 3.52k over IF;[BD80] and a
lower bound of 2.5k — o(k) over other fields [B1&99].

1.1 Owur results

We make contributions to both the above questions by studying multilinear forms and their bias.
A d-linear form is a map f : (IF§)? — TF, which is linear in each of its arguments. The bias of a
d-linear form is defined as follows.

bias(f) := ‘]E

This measures the difference between the probability of output 1 and output 0. Similarly, the
correlation of a d-linear form f with another function g is defined as Corr(f, g) := bias(f — g),
which measures the difference between the probabilities (on a random input) that f and g agree
and disagree.

A d-linear form f can naturally be viewed as a polynomial of degree d in n = kd variables. We
can then ask, for some ¢ < d, is there a d-linear form f such that the correlation of f with every
degree ¢ polynomial in IF>[X3, . .., X;] is small? Knowing the existence of a d-linear f that achieves
this small correlation property gives a significantly reduced search space for finding explicit f with
small correlation with lower degree polynomials. Our first result gives a positive answer to this
question for a large range of / and d.

Theorem A (informal). Letd < o(n/logn) and let k = 5. Let £ < d/2. Then with high probability,
for a uniformly random d-linear form f : (F5)? — Ty, we have that for all polynomial P(Xy,...,X,) €
Fa[X, ..., Xn| of degree at most ¢:

Corr(f, P) < 27k1=0(1) — p=i(1—e(1)),

Moreover, for every d-linear form, there is a degree O polynomial P (namely the constant O polynomial)
such that
Corr(f,P) > Q(275).

For d small enough (O(log 1)), the above theorem actually holds with £ = d — 1.

An important step towards proving Theorem A is a precise understanding of the distribution
of the bias of a random d-linear form. Along the way, we give tight upper bounds on the probabil-
ity that the sum of ¢t random rank-1 d-dimensional tensors equals 0.



Previously, a beautiful result of Ben-Eliezer, Lovett and Hod [BHL12] showed that for all d <
an, there are polynomials f(Xj, ..., X,) of degree d whose correlation with polynomials of degree
¢ =d—1is 2"/ The results are incomparable; the f in [BHL12] need not come from a d-
linear form, and for this more general setting the bound 2~?("/#) might not be tight, but on the
positive side [BHL12] can handle larger d while proving correlation bounds against polynomials
with degree as large as d — 1.

A d-linear form f can also be naturally viewed as a d-dimensional tensor. Indeed, f can be
completely specified by the tensor T of values f(e;,e;,...,e;,), as the i; vary in [k]. We can then
ask, are there natural properties of the d-linear form f which would imply that the tensor rank of
T is high?

We show that having low bias, which is a simple measure of pseudorandomness for d-linear
forms, already implies something nontrivial about the tensor rank. We prove a lower bound on
the tensor rank in terms of the bias of the form.

Theorem B. Let f : (IF)4 — TF, be a d-linear form. Let T be its associated tensor, and let t be the rank of
T. Then

. 1
bias(f) > <1 - 2dl> .
In particular, if bias(f) = 2~ 170k then

2d71
t > k-log, TR

Moreover, for every t there is a tensor T with tensor rank T such that the following is true.
: 1\, d
blas(f) S 1-— F + ?

This lower bound on tensor rank in terms of bias is almost optimal for any fixed d. It implies
that any explicit d-linear form with low bias (such d-linear forms are easy to construct) automati-
cally must have tensor rank (1 + (1)) - k. Purely from the point of view of proving tensor rank
lower bounds for explicit tensors, these results are only interesting in the case of d = 3 (for larger
d the implied tensor rank lower bounds fail to beat trivial explicit tensor rank lower bounds).

For d = 3, this gives a natural and clean route to proving nontrivial tensor rank lower bounds
for some well known tensors. We use it to show that the finite field multiplication tensor has
tensor rank > 3.52k, matching the best known explicit tensor rank lower bound for 3-dimensional
tensors [BD80]. It also immediately implies that the matrix multiplication tensor has tensor rank
> 1.8k, which is nontrivial (but still far from the best known bound of 3k [Shp03, B1499]).

1.2 Methods

Underlying our main results, Theorem A and Theorem B, are two related combinatorial bounds
involving rank-t d-linear forms. We now state these bounds for the special case of d = 3. For
i€ [t],letx;,y;,z € IF§ Let P;(u, v, w) be the trilinear form defined as

Pi(u,v,w) = (u,x;) - (0, i) - (W, zi).



Now;, consider the trilinear form P(u, v, w) given by

t
P(u,0,w) =Y _ Pi(u,0,w).
i=1

Then, we have the following.

1. If x;,y;, z; are picked uniformly at random from IF4, then the probability that P is identically
0 is very small. Concretely,
Pr [P =0]
Xi/YisZi
is about 27, provided t < k2. This bound is essentially optimal.
2. For arbitrary x;,y;, z;, the bias of P is large. Concretely,

min [bias(P)] > (3/4)".

XisYisZi
This bound is also essentially optimal.

We now give an outline of the proofs of Theorem A and Theorem B.

The proof of Theorem A follows the high-level outline of [BHL12]. We first use the method of
moments to show that for a fixed n-variate polynomial P of degree /, the correlation of a random
d-linear f with P is small with extremely high probability. Then, by a union bound over all P, we
conclude that a random f is uncorrelated with all P with quite high probability.

Implementing this approach gives rise to some natural and interesting questions about rank-1
tensors. How many rank-1 tensors can lie in a given low dimensional linear space of tensors?
Given a collection of t random rank-1 tensors, what is the probability that the dimension of the
space spanned by them is small? What is the probability that the sum of t random rank-1 tensors
equals 0?7 We investigate these questions using linear-algebraic ideas, and obtain near-optimal
answers for all of them.

For example, the d = 3 case requires us to study the probability that

t
Exi®yi®zi =0.
i=1

By some simple manipulations, this reduces to bounding the probability that the linear space of
matrices
span{x; ®y; : i € [t]}
has dimension < t —r. We bound this by studying the probability that x; ® y; lies in the linear
space
span{xj@y; :j € [i —1]}.
This final probability is bounded using the following general theorem.

Lemma. For any linear space U C 113’52 of dimension u < k2, the probability that x @ y € U is at most
= u/k
0 (%").

The proof of this lemma is hands on, and uses basic linear algebra and some elementary ana-
lytic inequalities. The key is to take an echelon form basis for U. We use this basis to understand
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which # € FF§ are “important”; i.e., they have the property that ¥ ® y € U with noticeable proba-
bility for a random y.

The above lemma is essentially tight: with U = V ® IF§ and IF§ ® V being tight examples. The
sets of the important ¥ in these two examples look very different. Because of this, our final proof
involves proving tight upper bounds on an analytic maximization problem that has multiple very
different global maxima.

For Theorem B, which gives a relationship between tensor rank and bias, the proof proceeds in
the contrapositive. We show that any d-linear form whose underlying tensor has low rank must
have high bias. Let us illustrate the underlying ideas in the case of 4 = 3. Here, we are given the
3-linear form P, defined as

t
(w,0,w) =Y (xi,u) - (yi,0) - (zi, w).
i=1
We want to show that this has high bias if ¢ is small. The key claim that we show is the following.

Lemma. Letyy,..., Yy, z1,...,2¢t € Fh. Forat least (3/4)! fraction of the pairs (v, w) € F5, we have
that for all i € [t]:
(v,yi) - (w,z;) = 0.

For any fixed i, the set of (v, w) satisfying the above is the union of two codimension 1 hyper-
planes in F3!, and thus a random (v, w) satisfies it with probability 3/4. The above lemma shows
that the probability of all these events is at least as large as it would have been had they been
independent.

2 Preliminaries

Unless otherwise stated, we always work over the field IF,. We use capital X, Y, Z etc to denote
formal variables or sets of formal variables, and small letters x, y, z to denote instantiations of these
formal variables.

For integers n,d > 0, denote by Poly(#n,d) the set of all degree < d multilinear polynomi-
als in IF»[X], where X = {Xj, ..., X, } is a variable set. Note that every f € Poly(n,d) naturally
corresponds to a unique map f : [F} — IF,.

2.1 Bias and Correlation

Two fundamental notions used in this paper are those of bias and correlation, which we now
define.

Definition 2.1 (Bias). Bias of a function f : F5 — {0,1} is defined as
bias(f) = [Exers(~1)7)]

The bias of an IFp valued function f : Iy — T, is defined as bias(f) := bias(«(f)), where 1 is the standard
map from F, to {0,1}.



Definition 2.2 (Correlation). We define the correlation between two functions f,g : Fy — o, by

Corr(f,g) :=bias(f — g).

Given a function f : F; — IF>, we will be interested in its maximum correlation with low
degree polynomials. Towards this we define

C ,d) = C ,Q).
orr(f,d) gemax orr(f,g)

More generally, given a class C of functions, we define

Corr(f,C) := maxCorr(f,g) .
geC

2.2 Tensors and d-linear forms
Tensors are generalizations of matrices to higher dimensions.

Definition 2.3 (Tensors and Tensor rank). Let k and d be natural numbers. A d dimensional tensor
T of size k over a field F is a map T : [k]* — F. T is said to be of rank one if there exist d vectors
Uy, Uy, ..., ug : [k] — TF such that for every (i1, ia,. .., 1i5) € k|4, T(iy,i2,...,14) = H;Ll u;(i;). The
rank of T is the minimum t such that T can be written as a sum of t rank one tensors.

Every matrix can be naturally associated with a bilinear polynomial, and in some cases, one
can study the properties of this bilinear polynomial as a proxy of studying various properties of
the matrix itself. This paradigm also generalizes to tensors, as the following definition indicates.

Definition 2.4 (Tensors as Multilinear Forms). Let T : [k]* — TF be a d dimensional tensor. Then, the
set-multilinear polynomial associated to T is the polynomial fr in variables {X;;:i € [d],j € [k]} over
IF defined as follows.

d
frXan Xap e Xae) = ), T(iia.o i) - [T XG

(illiZ/"'/id)G[k]d ]:1
Given the above association between d-dimensional tensors and d-linear forms, we will use
the terms tensor and d-linear forms interchangeably.
2.3 Some explicit tensors
We now define some explicit tensors which we use at various places in this paper. We start with
the trace function.
2.3.1 Trace tensor

Definition 2.5. Trace : [Fyx — IF; is the IFp-linear map defined as follows.

Zk—l

Trace(a) = a +a® +...+a



The Trace map will be useful for us as we define the candidate hard tensor for our lower
bounds.

Definition 2.6. Let Tr : FS*¥* — 1, be the function defined as follows.
Tr(X,Y,Z) := Trace(XYZ),

where XYZ denotes multiplication over the larger field Fy when X = (Xq1,X2,...,Xk),Y =
(Y1, Ya,...,Yk), Z = (Z1,2Z>,. .. Zy) are viewed as encodings of elements in F.

Since Trace is an [Fp-linear map, the function Tr(X, Y, Z) can be viewed as a 3-linear polynomial
in the variables X = (X1, Xy,..., Xk),Y = (Y1,Ya,...,Y%),Z = (Z1,Zy,...Zk). For the rest of
this paper, when we say Tr(X,Y,Z), we refer to this natural 3-linear polynomial and the three
dimensional tensor associated with it.

2.3.2 Matrix multiplication tensor

Definition 2.7. The tensor corresponding to the product of two n x n matrices is defined as

n n n
Mu(X,Y,Z) =) Y ) XiYixZi.

i=1j=1k=1
Here, X = {Xi,]' : l,] € [I’l]} ,Y = {Yi,]' : l,] € [Tl]} , L = {Zi,]' : l,] € [Tl]}

Note that M,(X,Y,Z) is the trace of the matrix product X - Y - ZT. In other words,
M,(X,Y,Z") = Trace(X -Y - Z). Note this is the matrix trace and is different from the trace

function considered in the previous section where we viewed X, Y, Z as elements of the large
field.

3 Correlation of random d-linear forms

In this section, we study the correlation of random d-linear forms with lower degree polynomials.
Our main result in this section is the following theorem, which states that a random d-linear
form is uncorrelated with degree ¢ polynomials under certain conditions.

Theorem 3.1. Let ¢,d, n be integers such that d | n, d = o(logn) and 0 < d/2. Setk =n/d.

Pick a uniformly random d-linear form f : (F5)4 — F,. Then, with probability 1 — o(1), f has the
following property. For all polynomials P(Xy, ..., X,) € Fa[Xa, ..., Xn]| with degree at most ¢, we have,

Corr(f, P) < 2~ (1—o)n/d

Along the way, we develop several tools to understand the bias of random d-linear forms. For
example, we show that a random d-linear form is unbiased with extremely high probability.

Theorem 3.2. Let € > 0 be fixed. Let d, k be integers with d < 2¢k/5 " and consider a uniformly random
d-linear form f : (FX)4 — ). Then,

Pr(bias(f) > 2~ (17K < 2~



Remark 3.3. Note that any d-linear form f(Xj, ..., X;) vanishes if any one of the block of variables
X1,..., X, is zero. Hence, the bias of any d-linear form (or equivalently its correlation with the
constant 0 polynomial) is at least 2% = 27"/4. Theorem 3.2 states that it is extremely unlikely
for a random d-linear form to have even slightly more bias while Theorem 3.1 states that it is
extremely unlikely for a random d-linear form to have slightly better correlation with any degree
¢ polynomial.

The key ingredient in the proofs of the above theorems is the following theorem on the distri-
bution of the sum of random rank-1 tensors.

Theorem 3.4. Let € > 0 be a constant. Let d,k,t be integers with d < 2%/°, and t < §k*~'. Let
{x (i }le[t 1jc[a) be picked independently and uniformly distributed in IF5. Then,

d
Pr {i@x - 0] < p-(1=e/2)kt

i=1 ]:1

Remark 3.5. If any block of vectors (say wlog. {x("!) }iepy, the first block of vectors) are all 0 (this

happens with probability 2*), then the d-dimensional linear form y_/_ ®d (i) = 0. The above
theorem states that the probability of the d-linear form vanishing is not s1gn1f1cantly larger.

In turn, the proof of the above theorem is based on the following lemma, which gives an upper
bound on the probability that a random rank-1 tensor lies in a fixed low dimensional subspace.

Lemma 3.6. Let k,d € IN, d < k, and U be a subspace of (le)®d of dimension u. Let x1,...,x; € FF5 be
picked independently and uniformly at random, and let T = ®%_,x;. Then,

d 211/kd’1
27 .

Pr[T € U] < o+~

Remark 3.7. Let U = V ® (IF5)®(@~1) where V is a u/k%"!-dimensional subspace of IF§. Note,
dim(U) = u. Clearly, Pr[®?_,x; € U] = Pr[x; € V] = 2¢/¥"" /2 The above lemma states that the
probability is not significantly larger than this for any other U.

In the next subsection, we show how Theorem 3.1 and Theorem 3.2 follow from Theorem 3.4.
After that we prove Theorem 3.4 by studing the distribution of the dimension of a collection of
random rank 1 tensors.

3.1 Proofs of Theorem 3.1 and Theorem 3.2

We first prove Theorem 3.2.

Proof of Theorem 3.2. We want to bound Pr¢[bias(f) > 2-(1-9] We shall do so by bounding the
t moment of bias( f) for a suitable choice of t and applying Markov’s inequality.

Let T : [k]? — IF, denote the tensor associated with f. Thus the T(iy, ..., i) are all independent
and uniformly distributed in F,.



We now compute the t'th moment of f.

T(ly,la)-( Tiy Hdzl XE{”‘)
- E{x(i’j>}ie[t]rje[d] H (IET(élmqfd)N]Fz [(_1) ( T )

=, [T 1 y
{x@)} i e tord ) g
cltljeld] (tr, )€K Liz1 ITj= 4

ij 1 Iy
Dieje) | V(e b€, Ty T, xﬁjf”_o]

= ]E{x(

U

[ t ..
{X(l'])}ie[t],je[d] I Pl 4

t
= Pr Z@x(m = 0] .

{00} i e | i1 =1

Setting t = %kd_l, Theorem 3.4 tells us that
E[(bias(f))1] = 2~ (1-/2¥

Using Markov’s inequality,

o—(1-¢/2))kt

—(1—e)kt < 2 kt/2 < 2= 0K

1;r [bias(f) > 2_(1_8)"} <

as claimed.

We now use a similar argument to prove Theorem 3.1.

Proof of Theorem 3.1. Fix an arbitrary e > 0. Let C denote the space of degree < ¢ polynomials in
F2[X3, ..., Xn]. We want to show that with high probability over the choice of f, we have that for
every P € C, Corr(f,P) < 2-(1-9)k,

Fix P € C and consider the ' moment of bias(f — P). Imitating the proof of Theorem 3.2, we
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get

Ey[(bias(f — P))'] = By

DY i jeld)

()

V(fl,...,fd)e[k} Zf ln] 1X( 70

< Bt ey e [1\7(81,...,@)6[ K, T Tl xf) =0

Now we will apply Theorem 3.4. Observe that since d = o(n/ logn), we have,
d < 2€k/5.

As in the proof of Theorem 3.2, we set t = £k%~!, invoke Theorem 3.4 and apply Markov’s in-
equality to get,
I}r |:b1as(f o P) 2 27(17€)k:| S 2—g2kd/2‘
Now bias(f — P) = Corr(f, P). Thus, by a union bound over all P € C, we have the following.

Pr [corr( £,0) > 2—<1—€>k} <|c|-2-K 2, (1)

It remains to estimate |C|. We show below that |C| = o(k). The proof of this lemma works for
any other C as long as C satisfies |C| = o(k?). Note that |C| = 2(<) Let § denote d/n.

(2)=<() <) = ()"
=0 <<;>5n> [Since 6 = 0(1)] o

Combining this with Equation (1), we get,
Pr [Corr(f,C) > Zf(lfe)ki| < zo(kd) . 2,£2kd/2‘
f
Since this holds for every ¢ > 0, we get the desired result. ]

3.2 Random rank-1 tensors

In this subsection, we first prove Lemma 3.6 on the probability that a random rank-1 tensor lies
in a fixed low-dimensional subspace. We then give a corollary of this lemma which bounds the
probability that a collection of random rank-1 tensors spans a very low dimensional subspace.
This corollary will be used in the proof of Theorem 3.4.
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Proof of Lemma 3.6. Define

d-1
ﬂMW):<1—m—;”dv4%1—;Wl.W§.
We will prove, by induction on d, the following stronger bound.
Pr[T € U] < far(u).
The fact that this implies the lemma, follows from the observations that 1 — % < (1— %) Tand

that 2/ <1.

-1
2k

Base case. The d = 1 case is trivial (using the observation that f x(u) = %—Z) We now show the
statement holds for larger d.

Induction step. Let k' = k%~1. We will view (IF§)®? as IF§ ® IF§ . Every element v of (IF§)®? can
thus be written as a tuple (vy, ..., vx), where each v; is an element of IF’; (thus the k¥ coordinates
are partitioned into k blocks of coordinates, with each block having k' coordinates). We let 71; :
(IF5)24 — TFX be the ith projection map, mapping v to v;.

With this convention, we take a basis for U in row echelon form. Concretely, this gives us a basis
B for U, such that B is a disjoint union of Bj, ..., By (B]- is the set of basis vectors pivoted in the
j’th block of coordinates), such that,

e forallv € Bjandi < j, mi(v) =0,

e the vectors 77;(v) € FX' as v varies in B, are linearly independent.

Define U; = span{7j(v) | v € B;)}. Thus we have dim(U;) = |B;| and
k
Y dim(U;) = dim(U).
j=1

Fori > j, we define a map ¢;; : U; — IF§' by defining ;j on a basis for U;:

¥ij(mj(v)) = mi(v).

Then we have the following basic claim (which follows immediately from the above echelon form
representation of U).

Claim 3.8. Let v € (IF)®4. Then v € U only if there exists (uy, ..., ux) € 15, U; such that for each
i € [k] we have
mi(v) = ui+ ) i ().
j<i

-1

To simplify notation, we will denote x; by y and ®7_, x; by z. We want to find an upper bound

onPrly®z € U]. For S C k, let
Us = O ;.

ieS
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Claim 3.9. If Z € Us, then,

Pr
yelF;

lyezel] <

28|

2k

Proof. For fixed Z, given the random variable v = y ® Z, we define random variables uy, u, ..., u
by: u; == mi(v) — Lj; ¥ij(u;). Note that 71;(v) = m(y ®Z) = y;Z. Also note that u; is only a

function of y1, . .

Prly®ze U]
yEF;

o Sl Sl S

N.
Il
—_

<11

i¢S

= Pr[Vi <k, u; € U
Y

Pr[uieui]ule

E

upely,..., ui_1€U;_q
]Eltl euy,...uji1€l;_1

E

uyely,...,ui1€U; 1

(2) =

1

2

.,yi. By Claim 3.8, v € U iff for all i, u; € U;.

Uy, ..., ui1 € U]

I;I' [ui e u; ‘ uy,.. .,uil]]

Prui [7'[1'(7]) - lel]<u]) el;|u,... /ui—l] ]
L j<i

P”yi [yii - leij(”j) e U |u,.. -/Mi1”

L j<i

)k_'s .

where the last inequality follows since for every i ¢ S and every vector w, at most one of w and
w + Z can lie in U; (as Z ¢ U;).

Thus,

<
Eﬂy@z el] <

O

HYf 1 1y (2)

E, o

o

TIEZ H 2lu; (z)
2 i=1

13



Now, observe that for each i € S, we have Pr[z € Ug] < Pr[z € U;]. Thus if we sort the U; so that
dim(U;) > dim(Uy) > ... > dim(Uy), then we have the following sequence of inequalities.

Pr[y®zeu <1+Z Y Pr[zeus]>

e[k sSC[,ies *

IN

<1+ Yo 2t 1PrzEU]>

iclk]

< L (1 +) Zi—lfd—l,k(dim(ui))> ,

ie k]

N

where the last step follows from the induction hypothesis. To find an upper bound for this last
expression, we let 4; = dim(U;). We have the constraints

Y ai=u,
3

K'>a >a,>...>a >0.

and we want to maximize an expression of the form

k k
Zzi(zx +[32ai/kd72) — - (2k+1 o 2) T IB X (Z 2i+ﬂi/kd2> ‘
i=1 i=1

where B,y > 0.

It is worth noting what happens in the two examples U = V ® IF'E/ and U = F{ ® W, where
V C F5and W C TF&' are subspaces of the appropriate dimension. In the first case, a; = a, = ... =
a,/x = k' and the remaining a; are 0. In the second case, all the a; = u/k. Both are global maxima
of the expression we want to maximize! The existence of these very different maxima makes this
maximization problem somewhat tricky.

In Theorem 3.10 we prove a tight upper bound for this function. For every i € [k], let b; =
a;/k%2, and let i = u/k% 2. Then, by,by,...,br and i satisfy the constraints in the hypothesis
of Theorem 3.10, and Theorem 3.10 tells us that a global maxima is achieved when all the a; are
equal to dim(U)/k. Thus,

IN
e e

l;g[y@z e U]

<1+ Y 2t 1k(u/k)>

ielk]

£ (1@ =D fenur/)
- 2k)fd1,k(u/k)>

= R~
=+
—

|

This completes the induction step. ]
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Theorem 3.10. Let k be a positive integer, and let i € [0,k?] be a real number. Suppose by, by, ..., by are
real numbers satisfying the following constraints.

k>b,>b...

v
o

~

(2)
)

by

b;

M= v
I
=

Il
—_

Then,
k k
Zziflzb,' < 221'*1211/7( — (zk - 1)212/](
i=1 i=1

We prove Theorem 3.10 in the appendix and now use the previous lemma to prove a corollary
about the dimension of the span of several random rank 1 tensors.

Corollary 3.11. Let d, k, t be integers. For each i € [t] and j € [d], pick x\") € F§ uniformly at random.
Fori € [t], let T; be the rank-1 tensor ®;-i:1x(l']). Then, for every 0 < r < t,

g1\ 7
Prldim(span({Ty, ..., T;})) = 1] < <t> (“;{) .

r

Proof. Let us reveal Ty,...,T; one at a time. For 0 < i < ¢, let V; = span({Ty,..., T;—1, T;}).
Thus we have 0 = dim(Vp) < dim(Vp) < ...dim(V;). We want to estimate the probability that
dim(V;) = r. Let E; denote the event that T; € V;_;. For I C [t], let E; denote the event ;c; E;. In
terms of these events, we can bound Pr[dim(V;) = r] as follows.

Pr[dim(V;) = r|] < Pr[3I C [t], |I| = t — r such that E; occurs]

< Z PI‘[E[].
IC[t]|I|=t—r
We conclude the proof by bounding Pr[E;]. Fix I C [t| with |I| =t —r. LetI = {iy,...,i;—,} with
h<ip<...<lii,.
t—r
Pr(Ef] = [ [PrE;| () Ei -
j=1 <
Lemma 3.6 implies the following.

kd—l

d + 2dim(Vi1)/
2k

are all determined by Tj,. ..,Tij,l (since E;,

dependson T, ..., T;,and i; 1 <i; —1). Thus, for each j € [t — ], we have,

PI‘[EZ'|T1, e /Ti—l]

IN

For any given j € [t — 7], the events Eilz---/Ei]-,l
d 4 21/K

Pr[Eij’ ﬂ E;,] < ok

<j

Here we used the fact that dim(V;_;) < t. Using this in our previous bound, we conclude that

t—r
d + 2t/K!
PI‘[E[] S <2k ,

15



and thus,

r

mwmmzdsC)<”ffﬂyr. 0

3.3 Proof of Theorem 3.4
We now use Corollary 3.11 to prove Theorem 3.4.

Proof of Theorem 3.4. The equation

Y R =0 (4)
i=1 j=1
is equivalent to
vee k], Yl @« = o, (5)
i=1 j=2

Let T; denote ®7:2 x) fori € [t] and T = span({Ty,..., T;}). Then we have,

Pr({xU) }ic) e satisfy (4)] < Pr[{x7)} ey i satisfy (5)]

t .
= 3 Pr {7} ey jefa) satisfy (5)|dim(T) = r| Pr [dim(T") = r]
r=0

= Zt: <H Pr [i xéi’l) - T; = 0|/dim(T") = r]) -Pr [dim(7) = 7]

r=0 \ (e[| i=1

_ io (;)k Pr[dim(T) = 7]. (6)

Here, the equality in the third step follows from the fact that {xéi’l)}ie[t]je[k] are independently
and uniformly distributed in IF,.
By the given distribution of Ty, ..., T} in (]F§)®(d_1), Corollary 3.11 says that

HWMﬁ=d§C>G_EfW>”.
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Plugging this bound back into (6) gives

Now, since d < 2%/5 and t < ek?~1/5, we have
d 4207 < 2.2%/5 < ok/2,

we conclude that

This completes the proof. O

3.4 Explicit d-linear forms with small correlations with d — 1-linear forms

In this section, we dwell a bit on the question of constructing explicit d-linear forms which have
small correlation with lower degree multilinear polynomials. In particular, we present an explicit
d-linear form that has exponentially small correlation with any lower degree multilinear form.
Define f : (F5)? — IF; as

f(x1, e xg) = (X1 X2 Xa—1, Xa),

where - denotes multiplication over the bigger field IF,. It is easy to see that f is a d-linear form.

Ideally, we would like to show that the map f defined above has small correlation with any
polynomial of degree at most d — 1. But, we do not know how to show this. In the rest of this
section, we show that f has small correlation with any polynomial of degree d — 1 which respects
the partition of the inputs to f. We now prove the following lemma.

Lemma 3.12. The function f = (x1 - xa - X4_1,X4) has correlation at most (d — 1)27% with any degree
< d — 1 multilinear form.

Proof. Let g be a (d — 1)-linear form over (IF§)?. A similar proof as below works for any d’-linear
form ¢’ for d’ < d — 1 also. We want to understand

Corr(f,g) = bias(f — g).

17



Since g is a (d — 1)-form, it is of the form g(x1, ..., x;) = Y4, 8i(x[a)\qiy)- Since g;isa (d —1)-
linear form in the variables x(y)\ (;}, for each i € [d — 1] there exists an IF5-valued linear form
v = vi(x[dfl]\{i}) such that gl(x[d]\{z}) = (vi(x[d,l}\{i}),x@ = <Z)l‘, xd>. In particular

d-1 -1
Corr(f,g) = bias(f — g) = bias ((f—zgi)—gd> = DPr [xl-xz---xd_l—Zvizo . (7)
i=1 i=1

X1y--Xd—1

This is because g; does not depend on x,; and for any fixing of x1, ..., x;_1 € 5, f — g is an affine
form in the variable x; that is biased if x1 - x2 - - - x5_1 — Zf;ll v; = 0 (in which case the bias is 1)

and is otherwise an unbiased function. We will prove

< Pr [xg-x2----x5-1=0], (8)

X1, Xd—1 E]Fé

d—1
Pr [x1~x2----xd1—2gi:0

x1,.4.xd,1€1F§ i=1

by repeatedly applying the following fact.
Fact 3.13. Let h : S — TFX be a linear map. Then for every a € T,

Pr [h(x) =a] < Pr [h(x) =0].

x€elFs x€F}

Note that applying this fact we have

d—1 d—2
Pr xl-xz---xd_l—Zvi:O]: Pr [xl-x2~-~xd_1—20i:vd_1]
i=1 '

X1, Xd—1 X1,--X4—1 i1

X1, Xd—1

i-2
< Pr [xl’xZ"‘xd—l_ZUi:()];
i=1

since for every fixing of x1,...,x5_» € IF’;, X1 X X4_1 — Z?:_lz v; is a IF'é—linear form over x;_1.

Applying Fact 3.13 similarly for coordinates i = 1,...,d — 2, we get Eq. (8). Finally, by a simple
union bound we can bound Pr, . cp X120 x5 1 =0=1-(1-2"F)d"1 < (d-1).27%
Combining this with Eq. (8) and Eq. (7) finishes our proof. O

4 High-rank tensors from unbiased polynomials

It is well-known that the bias of a bilinear form corresponding to a matrix M € F5*¥ is tightly
related to its rank rank(M), more precisely, bias(M) = 2 "k(M)) n this section, we explore a
similar connection for higher dimensional tensors. We then use this to (re)prove some existing
tensor rank lower bounds (e.g., the trace tensor and the matrix multiplication tensor)

4.1 Small Bias implies large tensor rank

We begin with the main theorem of this section which shows tensors with small bias have large
rank.

18



Theorem 4.1 (Small bias implies large rank). Let P € Fs*k >k pe any d-dimensional tensor of rank
< t. Then

2\ !
bias(P) > <1 — 2d> .
An important ingredient of our proof will be the following lemma.

Lemma 4.2. Let d be a natural number. Let My, M>, ..., M; € ]FIEXk”'Xk be d-dimensional tensors of rank
at most 1. Then,
1 t
Pr [VZE [t],Mi(xl,xz,...,xd) :0] > (1—> . (9)

X1,X2,...,X4 GIFé zd

Proof. Our proof is by induction on d.

Base Case. Thebase case whend = 1 trivially follows since if there are t linear forms uy, up, ..., u;
over [Fp, then the maximum number r of independent linear forms among them is at most t. We
hence have,

Pr [Vi € [t],u;(x) =0] = (1/2)" > (1/2)" . (10)

k
x€lF;

Induction Step. Before proving the general inductive step from d — 1 to d, we first show the
d = 2 case as a warmup as it illustrates the main idea and then do the general case.

For this case, we have k x k matrices My, My, ..., M; of rank one over [F;, and the goal is to
show that

Pr [Vi€ [t], (y, M;z) = 0] > (3/4)". (11)
y,ze]Fg

The proof involves several steps of manipulation of the probability of interest. For a set S C [t],
denote by Mg := ) ;c5 M;.

| [t 14 (—1)wMaz)
y,ZPGr]Fé [Vl S [t], <y; MiZ> = 0] = IEy,zEIFIZC H (2

=E

Y,z eIF’Zf




Now, for the general inductive step, we assume that the lemma is true up to dimension d — 1, and
prove it for d dimensions. For every i € [t], we denote by u; as the linear form in IF§ and M! as the

d — 1 dimensional tensor of rank 1 in PngXk"' <k such that
M,’(X1,X2, .o .,xd) = ui(xl) . M;(XQ,X_O,, .o .,xd) .

And, once again, for every S C [t], Mg denotes the tensor Yjes Mj, which has rank at most |S |. We
proceed via a sequence of inequalities as in the case of d = 2 above.

j 1+ (—1)MiCxrxz.xa)
PI‘ [V1 € [t]’Mi(xl’xz’ e 'xd) = 0] = IEX1,X2,...,X,;1€1F§ H < 2

xl,xz,...,xdE]Fé _i:1

xl,xz,...,xdeIFé

i 1 M
—E p (-1) s(x1,%2, /xd)]

- ]Ex1,x2,...,xdeIF’§ _IESQM [(
[

= IESQM [Exl,xz,...,xdeng
Now, observe that for every S C [t],

IExl,xz,...,xdE]F'Z‘ [(_1)M5(x1,x2,...,xd)] > Pr [V] €S, M;(JQ, X3, .. .,xd) = 0:| .

X2,X3,...,X4

Moreover, from the induction hypothesis, we get that for all S C [¢],

X2,X3,...,X,

IS|
Pr [V]E S,M}(Xz,X3,...,xd) :0] > <1—11> .
d

Plugging this back in the calculations, we get

Pr Vi€ [t], Mi(x1,x,...,%5) = 0] > Egcpy

X],Xz,...,xdE]F}é

We now complete the proof of Theorem 4.1.
Proof of Theorem 4.1. Since P has rank < f, then there is a collection of linear forms uy,us, ..., u;

and tensors My, M, ..., M; of rank at most 1 in d — 1 dimensions such that

t
P(Xl,XQ,. ..,Xd) = Zui(Xl) . Ml‘(Xz,Xg,. . -/Xd) .
i=1
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Now, observe that

bias(P) = ’IE

xl,xz,...,xde]Flz‘

[(_1)P(x1,xz,...,xd):| ’

>

Pr [P(X3,x2,x3,...,%4) = 0]

X2,X3,...,X4 E]FIZc

> Pr [Vi€[t], Mij(xz,x3,...,x4) = 0]

y,ze]F’E

t
> <l — 2111—1> [By Lemma 4.2]. O

We now accompany the above theorem with an almost matching upper bound on the bias
of random high rank tensors. It is known that a random high rank tensor has low bias. The
following lemma gives a precise quantitative version of this observation (the idea for the proof
was suggested to us by Shubhangi Saraf).

Lemma 4.3. For i € [t] and j € [d], let u;; € IF be a uniformly random vector. Consider the random
rank-t d-linear form p : (F%)® — T, given by

td
p(xllle"'/xd) = 2H<xj’uirj> :

Then

Proof. We have

E,[bias(p)] = E, E —1)Ea H?:1<Xff“i/f>}

x1,x2,.,.,xde]P’§ |:(

—E s By [ (—1) 51Tl ()

X1,X2,..,X4€

= Pr , [31/ xl = O] + xl,l?.I:Xd [Vl, xl # 0} * ]EX1,X2,...,Xd€]FI£\{6}

X100, X,

t
H <]E”f:1'”i,2/~-~rui,d (—1)1—[7:1 <x]'/“i,j> ) ]

i=1

1\* 1\* f .
=1 (1 B 2k> * (1 B 2k> B e\ (0} [H (u.l Pr [3j€d—1] (xju) = 0])]
1 i1see-

i= Mid—1
1 d 1 d 1 t
1= (i-x) < (-z) - (-57)
2 t
—k
<d-2 +<1—2d> . O

The following special cases of Theorem 4.1, for d = 2 and d = 3 will be useful for us, on our
way to proving lower bounds on the rank of three dimensional tensors.

Corollary 4.4. Let P € ]F’;Xk be a matrix of rank < t < k. Then, bias(P) > 2.

Corollary 4.5. Let P € lF’;Xka be a 3-dimensional tensor of rank < t. Then, bias(P) > (%)t.

In the subsequent two sections, we will construct explicit tensors in three dimensions with
very low bias and then use the above corollaries to conclude that these tensors have large rank.
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4.2 A 3.52k Tensor Rank Lower Bound for Trace(XYZ)

In this section, we use the bias-vs-tensor-rank connection explored in the previous section to con-
struct explicit 3-dimensional tensors with large tensor rank. Corollary 4.5 suggests the following
natural approach to construct tensors of large rank: find a 3-linear form with as small a bias as
possible. What is the least bias of 3-linear form? Let P(X,Y,Z) = Y (Y, M;Z)X; be an arbi-
trary 3-linear form. Clearly, bias(P) = Pr,.[Vi € [k], (y,M;z) = 0] > Pry.[y = 0orz = 0] =
2/2F —1/2% The Trace(XYZ) is a function with bias exactly 2/2% — 1/2%F (see Lemma 4.6). In
the rest of this section, we prove an upper bound on the bias of this function. To this end, we
first show that the bias of Tr(X, Y, Z) is small. This will immediately via Corollary 4.5 give a very
simple proof that Trace(XYZ) tensor has rank at least 2.409k. We remark that a much stronger
rank lower-bound of 3.52k is known due to Brown and Dobnik [BD80], and indeed we do a more
careful analysis of our ideas to get a new proof of the 3.52k lower bound.

Lemma 4.6.
bias(Tr(X,Y,Z)) =2-27F - 272

Proof. The trace function satisfies the simple property that for every non-zero a € F,, the linear
function Trace(aX) is unbiased. Hence,

bias(Tr(X,Y,Z)) = Pr [x-y=0]=2.2"F-27%, O
x,y €k

The above lemma coupled with Corollary 4.5 immediately gives the following lower bound
on tensor rank of Tr(X, Y, Z).

Corollary 4.7. rank(Tr(X,Y,Z)) > (log,,32) - k > 2.40%%.

We now strenghten this bound to show a 3.52k lower bound on the rank of Tr(X,Y,Z). As
we alluded to in earlier discussion, this matches the best known lower bound on the tensor rank
of any explicit tensor in three dimensions. The proof follows from a more careful use of the ideas
already present in the proof of Corollary 4.7. We will need the following well-known rate-distance
MRRW tradeoff for linear codes.

Theorem 4.8 ((MRR"77]). Let S be a subspace of dimension at least k of Y, such that every non-zero
vector in S has weight at least k. Then, t > 3.52k1

Theorem 4.9. The rank of the tensor Tr(X,Y, Z) is at least 3.52k.

Proof. Let the tensor rank of Tr(X,Y,Z) be t. Then there exists t vectors ay,4ay,...,a; € IF'; and ¢
rank-1 matrices M1, M>, . .., M; such that

Tr(X,Y,Z) = i (a;, X) - (Y, MiZ) . (12)
i=1

Let A be the k x t matrix such that for every i € [t], the i column of A equals a;. Let K be
the kernel of A. Clearly, dim(K) > t — k. In fact, dim(K) = t — k. To see this, observe that if

!The MRRW bound for binary codes states that any family of codes with fractional distance ¢ satsifies R(6) <
hy (% —o(1—- 5)) where hy(x) = xlog,(1/x) 4+ (1 — x)log,(1/1 — x) is the binary entropy function. The above
mentioned bound can be obtained from this (see [BD80] for details).

22



dim(K) > t — k 4 1, then by the rank-nullity theorem, rank(A) < k — 1. Thus, there is a non-zero
x € F} denoted by x, such that for every i € [t], (a;, x0) = 0. Thus, Tr(xo, Y, Z) = 0 for a non-zero
Xo, which is a contradiction.

From proof of Corollary 4.5, we know that

bias(Tr(X,Y,Z)) = Pr [Tr(X,y,z) =0].
y,z€FS

So far we were proving a lower bound on Pr

Pr k
y,z€lF;

y and z in TF§ such that (y, M;z) # 0 for some i € [t], it is conceivable that Tr(X,y, z) is identically

zero. For this proof, we try to be a bit more careful about this. Note that for every u € K C F,

yzer; [ T7(X,y,2) = 0] by proving a lower bound on

[Vi € [t], (y, M;z) = 0]. Clearly, this seems to be somewhat lossy since even for a choice of

t
Zu,‘ : <ui,X> =0.
i=1

Thus, we have,

Pr [Tr(X,y,z) =0] = Z Pr [Vie€ [t],(y, Miz) = u]

y,zEFS weK yzEFs
1+ (—1)(%Miz>+ui
= Z :[Ey,Z I_I < 2
uek ie(t]
= Z IEy,z [Esg[t](_1)<y,Msz> . (_1)<u,15>] .
uek

Here, for every S C [t], 1s is the characteristic vector of S in t dimensions, and Mg = Y ;cs M;.
Simplifying further, we get,

Pr [Tr(X,y,z) = 0] = Egcyy

k
y,z€F;

IEy,Z(—l)<y'M52> . (—1)lwls) ||
D

uek

Now, we observe that the term (ZueK(—1)<“'15>) = |K| if and only if 1s € K*, otherwise it

equals zero. Also, from Corollary 4.4, we know that (IEy,Z(—l)<y'Msz>> = 27rankMs jg at at least

max{2~,27151}. Plugging these into the inequality above, we have the following inequality.

K
Pr [Tr(X,y,z) =0] > Q Y max{2 %27}  [Here, |0 is the Hamming weight of 0]
sk 2 veKt
> B, max{2 %, 271} [ Since |K] - ‘KL‘ =21

Recall that the dimension of K+ equals k. Now,

Eyexe max{2 7,277} = 27K + B g1 gy max{27F, 27171}
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From Lemma 4.6, we know that the bias of Tr(X,Y, Z) isat most 2 - 2k _2-2k Thus, it must be the
case that E g1\ (o max{2%,271°1} < (1 —27%) .27 But this is possible only if all the vectors in
K+ \ {0F} have weight at least k. In this case, the space K* is a linear subspace of IF} of dimension

k such that every non-zero vector in it has Hamming weight at least k. From Theorem 4.8, we get
that ¢ > 3.52k. This completes the proof. O

4.3 Lower Bound on the Rank of Matrix Multiplication Tensor

In this section, we obtain a lower bound on the rank of the matrix multiplication tensor by proving
a lower bound on its bias. Even though better bounds are known for this tensor, our proof is a
fairly straightforward application of our techniques, and we believe this is instructive.

Our main technical observation in this section is the following lemma which gives an upper
bound on the bias of M, (X, Y, Z) as each of the variables take values in IF,.

- — 2
Lemma 4.10. The bias of M,,(X,Y,Z) is at most n - 2%,

Before proceeding with the proof, we note that Theorem 4.10 and Corollary 4.5 immediately
imply a non-trivial lower bound on the tensor rank of M,,.

Theorem 4.11. The tensor rank of M, is at least > 1.8n2.

ilo g (4/3)

We now prove Lemma 4.10.

Proof of Lemma 4.10. We observe that for any two fixed matrices x, y, the 3-linear form M,, reduces
to a linear form in z which is non-zero iff the product of the two matrices x and y is non-zero.
Furthermore, given a matrix y, the probability (over x) that the product matrix x - y is zero is
exactly 2-72k(¥) Combining these observations, we have

bias(Mn) = Pr [x Y= Onxn]
Xy
— IEy [2—n-rank(y)}

i [rank(y) =r]-27"".

To complete the proof, we rely on the following claim, whose proof we defer to the end of this
section.

Claim 4.12. Foreveryr € {0,1,...,n}, the following inequality is true.

Pr [rank(y) = r] < 2= (7).
y
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From the claim above, we get

< 2—n2 izr(n—r)
B r=0

<27y n
<p.27¥A 0

For completeness, we now provide a proof of Claim 4.12. We remark that the following tighter
bound is known (see [Kol98, Theorem 3.2.1]).

()2 L 1 1
Prrank(y) =r] =2 (n—r)* H (1 — 21,) ) < Z 72i1+...+i,l,>

y

i=n—r+1 0<ii <.y, <
S T 1\ 1\ "

However, the weaker bound given in the claim suffices for our purposes.

Proof of Claim 4.12. The goal is to upper bound the probability that a uniformly random n x n
matrix y over [F, has rank equal to r. This probability is upper bounded by the probability that
the rows of y are contained within a subspace of dimension r of IF;. For any fixed subspace S
of dimension equal to 7, this event happens with a probability equal to 2-"(*~"). The number
of subspaces of IF; of dimension equal to 7 is given by the Gaussian binomial coefficient [[], =

Hl:g (énif)) < 5—’:27 Thus, by a union bound, we get the following.

Pr[rank(y) =r] < iz . nn=r)
y r

2

=2~ (=1)" O
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A A maximization problem

In this section, we prove Theorem 3.10. We start with restating it here.

Theorem A.1 (Restatement of Theorem 3.10). Let k be a positive integer, and let u € [0,k?] be a real
number. Suppose by, by, . .., by are real numbers satisfying the following constraints.

k>by>by...> b >0, (13)
k
Zbi = Uu. (14)
i=1
Then,

k k

Zziflzhi S Zziflzu/k — (2]{ o 1)21{/}(

i=1 i=1

Proof. Let P denote the polytope defined as follows.

P={(x1,...,.x4) €ER" [k>x1 >...>x>0and ) x; =u}.
i

Let f : R" — R be the function:
k

Y 2t

i=1
Observe that this is a convex function. Thus the maximum M of f on P is achieved at an extreme
point. Since P is defined by k + 1 inequalities and 1 equality, extreme points satisfy the 1 equality
and make k — 1 of the inequalties tight. Thus any extreme point (y1, >, ..., V) of P satisfies, for
some integers a,b,c > 0 with a + b + ¢ = k, and some ¢ € (0, k), the following equalities hold.

N=p=...=v =k
Yat1 =VYar2 = ... = Yarp = ¢,
Yat+b+1 = Yatbr2 = ... = Y = 0.

ak + bl = u.

At such an extreme point (y1, ..., yx), the value of f can be expressed in terms of 4, b, ¢, £ as

Flyt, ..., ye) = 2K(2° — 1) 4+ 2029(2 — 1) 420270 (2¢ — 1)
— 2!1(2]( o 2() _’_20+b(2£ - 1)

The following lemma then completes the proof of the theorem.
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Lemma A.2. Let k be a positive integer, and let u € [0, k] be a real number. Let a,b,c,{ € [0,k] be real
numbers with:
at+b+c=k,

ak + bl = u.

Then
202K — 26y 4 2ke(2f —1) < (2F —1)2w/k,

Proof. Letwa,B,v,A,n € [0,1] be given by
a = ak,b = Bk,c = vk, £ = Ak, u = k.
Then, we have

a+p+v=1, (15)
a+BA = 1. (16)

Let Z = 2. Then we want to show that whenever «, B, v, A, n are as above, we have
7282 - ZM + 72V (20 —1) < (2 - 1)Z7.

Eliminating &,y from Equation (15) and Equation (16), we have v = (1 —#) — (1 — A), and
a = 171 — BA. Substituting this in, we want to show that

21PNz — M) 4 21BN (zh —1) < (2 —1)Z7.
Dividing throughout by Z", we want to show that
2PNz - zM + 2P (zr 1) < Z—1.
Rewriting, this is the same as
Z -7+ 2P 7P < (Z2 —1)ZP,

which is equivalent to
(P —1)(2* 1) < (2P = 1)(z-1).

This follows from Lemma B.2.

This completes the proof.

B Numerical Inequalities

In this section we list some numerical inequalites that are used in the previous section.
Lemma B.1. For all real v > 1, the function f : [1,00) — R given by

X' =1

flx) ==

is increasing in x.
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Proof. We show that f/(x) > 0 for all x > 1. Compute

g () (x—1) = (" =1)-1
f(X)— (x_l)z

Define
gxX)=r(x =X H - —1) = (r—1x —rx 1+ 1.

The positivity of f'(x) would follow if we can show:
g(x) >0

for all x > 1. We prove this by first observing that g(1) = 0, and then showing that for all x > 1,
we have ¢/(x) > 0. Indeed,

gx)=r(r—1x 1 —r(r—1)x"2
=r(r—1)(x"2)(x—1)

v
o

This completes the proof that g(x) > 0 for all x > 1, and thus the proof that f'(x) > 0 for all
x > 1. O

Lemma B.2. Forall real z > 1 and all real B, A € [0, 1], we have:
(" =1)(zP —1) < (PP —1)(z—1).

Proof. If either A = 0 or z = 1, the inequality trivially holds (with equality). Now suppose A # 0
andy # 1. Setr =1/A and x = z* and Yy = zPA Then, 1 < y < x and r > 1. Then, the inequality
we want to prove can be written as follows.

=D -1 < -1 -1),

ie.,
y -1 < x'— 1'
y—1 = x—-1
This follows from Lemma B.1, completing the proof. O
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