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Outline
• Linear data structures 

• Rectangular rigidity 

• Linear data structure lower bounds imply rigidity lower 
bounds — a result of [DGW18] 

• Systematic linear data structures 

• Equivalence to rectangular rigidity 

• Rigidity lower bound for Vector-Matrix-Vector problem



Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n
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Linear Data Structures 
[Yao81, Fre81]
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Query set
Query

Input data

Linear Data Structures 
[Yao81, Fre81]



ha1, xi

<latexit sha1_base64="M2D8VV1ihbPYtP2QfWYius4v6Ho=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWRgi6LblxWsA9oQphMb9qhk0mYmYg1FH/FjQtF3Pof7vwbp2kX2nrgwplz7mXuPWHKmdKO820tLa+srq2XNsqbW9s7u/befkslmaTQpAlPZCckCjgT0NRMc+ikEkgccmiHw+uJ374HqVgi7vQoBT8mfcEiRok2UmAfepyIPgdMAvfswZPFI7ArTtUpgBeJOyMVNEMjsL+8XkKzGISmnCjVdZ1U+zmRmlEO47KXKUgJHZI+dA0VJAbl58X2Y3xilB6OEmlKaFyovydyEis1ikPTGRM9UPPeRPzP62Y6uvRzJtJMg6DTj6KMY53gSRS4xyRQzUeGECqZ2RXTAZGEahNY2YTgzp+8SFrnVbdWrd3WKvWrWRwldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifP9HilNM=</latexit>

ha2n, xi

<latexit sha1_base64="bAdMIVK4u0DZQPQFrRmwye0LDbg=">AAACAHicbVBNS8NAEJ3Ur1q/qh48eFksggcpSSnosejFYwVbC00Im+2mXbrZhN2NWEIu/hUvHhTx6s/w5r9xm/agrQ8G3r43w868IOFMadv+tkorq2vrG+XNytb2zu5edf+gq+JUEtohMY9lL8CKciZoRzPNaS+RFEcBp/fB+Hrq3z9QqVgs7vQkoV6Eh4KFjGBtJL965HIshpwi7GcNkZ8/urJ4+9WaXbcLoGXizEkN5mj71S93EJM0okITjpXqO3aivQxLzQinecVNFU0wGeMh7RsqcESVlxUH5OjUKAMUxtKU0KhQf09kOFJqEgWmM8J6pBa9qfif1091eOllTCSppoLMPgpTjnSMpmmgAZOUaD4xBBPJzK6IjLDERJvMKiYEZ/HkZdJt1J1mvXnbrLWu5nGU4RhO4AwcuIAW3EAbOkAgh2d4hTfryXqx3q2PWWvJms8cwh9Ynz97m5ZY</latexit>

Query: hq, xi

<latexit sha1_base64="juBSZcYYR46P/BK7tvnYE/LcW2A=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAbBQsKuBBSroI1lAuYC2RBmJydxcHZ2nTkrCUtqG1/FxkIRW5/Azrdxcik08YeBj/+cw5nzB7EUBl3321lYXFpeWc2sZdc3Nre2czu7NRMlmkOVRzLSjYAZkEJBFQVKaMQaWBhIqAd3V6N6/QG0EZG6wUEMrZD1lOgKztBa7dyBj9DHtJKAHlzQoS+Z6kmg9yd96usxt3N5t+CORefBm0KeTFVu5778TsSTEBRyyYxpem6MrZRpFFzCMOsnBmLG71gPmhYVC8G00vEpQ3pknQ7tRto+hXTs/p5IWWjMIAxsZ8jw1szWRuZ/tWaC3fNWKlScICg+WdRNJMWIjnKhHaGBoxxYYFwL+1fKb5lmHG16WRuCN3vyPNROC16xUKwU86XLaRwZsk8OyTHxyBkpkWtSJlXCySN5Jq/kzXlyXpx352PSuuBMZ/bIHzmfPxCwmn4=</latexit>

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

Query
Input data

Query time: number of accesses on ay query

Store: ⟨a1, x⟩, …, ⟨a2n, x⟩

Query set

Linear Data Structures 
[Yao81, Fre81]



ha1, xi

<latexit sha1_base64="M2D8VV1ihbPYtP2QfWYius4v6Ho=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWRgi6LblxWsA9oQphMb9qhk0mYmYg1FH/FjQtF3Pof7vwbp2kX2nrgwplz7mXuPWHKmdKO820tLa+srq2XNsqbW9s7u/befkslmaTQpAlPZCckCjgT0NRMc+ikEkgccmiHw+uJ374HqVgi7vQoBT8mfcEiRok2UmAfepyIPgdMAvfswZPFI7ArTtUpgBeJOyMVNEMjsL+8XkKzGISmnCjVdZ1U+zmRmlEO47KXKUgJHZI+dA0VJAbl58X2Y3xilB6OEmlKaFyovydyEis1ikPTGRM9UPPeRPzP62Y6uvRzJtJMg6DTj6KMY53gSRS4xyRQzUeGECqZ2RXTAZGEahNY2YTgzp+8SFrnVbdWrd3WKvWrWRwldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifP9HilNM=</latexit>

ha2n, xi

<latexit sha1_base64="bAdMIVK4u0DZQPQFrRmwye0LDbg=">AAACAHicbVBNS8NAEJ3Ur1q/qh48eFksggcpSSnosejFYwVbC00Im+2mXbrZhN2NWEIu/hUvHhTx6s/w5r9xm/agrQ8G3r43w868IOFMadv+tkorq2vrG+XNytb2zu5edf+gq+JUEtohMY9lL8CKciZoRzPNaS+RFEcBp/fB+Hrq3z9QqVgs7vQkoV6Eh4KFjGBtJL965HIshpwi7GcNkZ8/urJ4+9WaXbcLoGXizEkN5mj71S93EJM0okITjpXqO3aivQxLzQinecVNFU0wGeMh7RsqcESVlxUH5OjUKAMUxtKU0KhQf09kOFJqEgWmM8J6pBa9qfif1091eOllTCSppoLMPgpTjnSMpmmgAZOUaD4xBBPJzK6IjLDERJvMKiYEZ/HkZdJt1J1mvXnbrLWu5nGU4RhO4AwcuIAW3EAbOkAgh2d4hTfryXqx3q2PWWvJms8cwh9Ynz97m5ZY</latexit>

Query: hq, xi

<latexit sha1_base64="juBSZcYYR46P/BK7tvnYE/LcW2A=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAbBQsKuBBSroI1lAuYC2RBmJydxcHZ2nTkrCUtqG1/FxkIRW5/Azrdxcik08YeBj/+cw5nzB7EUBl3321lYXFpeWc2sZdc3Nre2czu7NRMlmkOVRzLSjYAZkEJBFQVKaMQaWBhIqAd3V6N6/QG0EZG6wUEMrZD1lOgKztBa7dyBj9DHtJKAHlzQoS+Z6kmg9yd96usxt3N5t+CORefBm0KeTFVu5778TsSTEBRyyYxpem6MrZRpFFzCMOsnBmLG71gPmhYVC8G00vEpQ3pknQ7tRto+hXTs/p5IWWjMIAxsZ8jw1szWRuZ/tWaC3fNWKlScICg+WdRNJMWIjnKhHaGBoxxYYFwL+1fKb5lmHG16WRuCN3vyPNROC16xUKwU86XLaRwZsk8OyTHxyBkpkWtSJlXCySN5Jq/kzXlyXpx352PSuuBMZ/bIHzmfPxCwmn4=</latexit>

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

Query
Input data

Store: ⟨a1, x⟩, …, ⟨a2n, x⟩

Query set

General data structures: Arbitrary query 
function, data and function to compute bits of 
storage.  

For example, the input data can be a graph and 
the query corresponds to finding shortest paths 
between pairs of vertices.

Linear Data Structures 
[Yao81, Fre81]

Query time: number of accesses on ay query



ha1, xi

<latexit sha1_base64="M2D8VV1ihbPYtP2QfWYius4v6Ho=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWRgi6LblxWsA9oQphMb9qhk0mYmYg1FH/FjQtF3Pof7vwbp2kX2nrgwplz7mXuPWHKmdKO820tLa+srq2XNsqbW9s7u/befkslmaTQpAlPZCckCjgT0NRMc+ikEkgccmiHw+uJ374HqVgi7vQoBT8mfcEiRok2UmAfepyIPgdMAvfswZPFI7ArTtUpgBeJOyMVNEMjsL+8XkKzGISmnCjVdZ1U+zmRmlEO47KXKUgJHZI+dA0VJAbl58X2Y3xilB6OEmlKaFyovydyEis1ikPTGRM9UPPeRPzP62Y6uvRzJtJMg6DTj6KMY53gSRS4xyRQzUeGECqZ2RXTAZGEahNY2YTgzp+8SFrnVbdWrd3WKvWrWRwldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifP9HilNM=</latexit>

ha2n, xi

<latexit sha1_base64="bAdMIVK4u0DZQPQFrRmwye0LDbg=">AAACAHicbVBNS8NAEJ3Ur1q/qh48eFksggcpSSnosejFYwVbC00Im+2mXbrZhN2NWEIu/hUvHhTx6s/w5r9xm/agrQ8G3r43w868IOFMadv+tkorq2vrG+XNytb2zu5edf+gq+JUEtohMY9lL8CKciZoRzPNaS+RFEcBp/fB+Hrq3z9QqVgs7vQkoV6Eh4KFjGBtJL965HIshpwi7GcNkZ8/urJ4+9WaXbcLoGXizEkN5mj71S93EJM0okITjpXqO3aivQxLzQinecVNFU0wGeMh7RsqcESVlxUH5OjUKAMUxtKU0KhQf09kOFJqEgWmM8J6pBa9qfif1091eOllTCSppoLMPgpTjnSMpmmgAZOUaD4xBBPJzK6IjLDERJvMKiYEZ/HkZdJt1J1mvXnbrLWu5nGU4RhO4AwcuIAW3EAbOkAgh2d4hTfryXqx3q2PWWvJms8cwh9Ynz97m5ZY</latexit>

Query: hq, xi

<latexit sha1_base64="juBSZcYYR46P/BK7tvnYE/LcW2A=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAbBQsKuBBSroI1lAuYC2RBmJydxcHZ2nTkrCUtqG1/FxkIRW5/Azrdxcik08YeBj/+cw5nzB7EUBl3321lYXFpeWc2sZdc3Nre2czu7NRMlmkOVRzLSjYAZkEJBFQVKaMQaWBhIqAd3V6N6/QG0EZG6wUEMrZD1lOgKztBa7dyBj9DHtJKAHlzQoS+Z6kmg9yd96usxt3N5t+CORefBm0KeTFVu5778TsSTEBRyyYxpem6MrZRpFFzCMOsnBmLG71gPmhYVC8G00vEpQ3pknQ7tRto+hXTs/p5IWWjMIAxsZ8jw1szWRuZ/tWaC3fNWKlScICg+WdRNJMWIjnKhHaGBoxxYYFwL+1fKb5lmHG16WRuCN3vyPNROC16xUKwU86XLaRwZsk8OyTHxyBkpkWtSJlXCySN5Jq/kzXlyXpx352PSuuBMZ/bIHzmfPxCwmn4=</latexit>

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

Query
Input data

Store: ⟨a1, x⟩, …, ⟨a2n, x⟩

Field can be arbitrary and the space is not necessarily 2n.

Query set

Linear Data Structures 
[Yao81, Fre81]

General data structures: Arbitrary query 
function, data and function to compute bits of 
storage.  

For example, the input data can be a graph and 
the query corresponds to finding shortest paths 
between pairs of vertices.

Query time: number of accesses on ay query



Two Simple Data Structures

ha1, xi

<latexit sha1_base64="M2D8VV1ihbPYtP2QfWYius4v6Ho=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWRgi6LblxWsA9oQphMb9qhk0mYmYg1FH/FjQtF3Pof7vwbp2kX2nrgwplz7mXuPWHKmdKO820tLa+srq2XNsqbW9s7u/befkslmaTQpAlPZCckCjgT0NRMc+ikEkgccmiHw+uJ374HqVgi7vQoBT8mfcEiRok2UmAfepyIPgdMAvfswZPFI7ArTtUpgBeJOyMVNEMjsL+8XkKzGISmnCjVdZ1U+zmRmlEO47KXKUgJHZI+dA0VJAbl58X2Y3xilB6OEmlKaFyovydyEis1ikPTGRM9UPPeRPzP62Y6uvRzJtJMg6DTj6KMY53gSRS4xyRQzUeGECqZ2RXTAZGEahNY2YTgzp+8SFrnVbdWrd3WKvWrWRwldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifP9HilNM=</latexit>

ha2n, xi

<latexit sha1_base64="bAdMIVK4u0DZQPQFrRmwye0LDbg=">AAACAHicbVBNS8NAEJ3Ur1q/qh48eFksggcpSSnosejFYwVbC00Im+2mXbrZhN2NWEIu/hUvHhTx6s/w5r9xm/agrQ8G3r43w868IOFMadv+tkorq2vrG+XNytb2zu5edf+gq+JUEtohMY9lL8CKciZoRzPNaS+RFEcBp/fB+Hrq3z9QqVgs7vQkoV6Eh4KFjGBtJL965HIshpwi7GcNkZ8/urJ4+9WaXbcLoGXizEkN5mj71S93EJM0okITjpXqO3aivQxLzQinecVNFU0wGeMh7RsqcESVlxUH5OjUKAMUxtKU0KhQf09kOFJqEgWmM8J6pBa9qfif1091eOllTCSppoLMPgpTjnSMpmmgAZOUaD4xBBPJzK6IjLDERJvMKiYEZ/HkZdJt1J1mvXnbrLWu5nGU4RhO4AwcuIAW3EAbOkAgh2d4hTfryXqx3q2PWWvJms8cwh9Ynz97m5ZY</latexit>

Query: hq, xi

<latexit sha1_base64="juBSZcYYR46P/BK7tvnYE/LcW2A=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAbBQsKuBBSroI1lAuYC2RBmJydxcHZ2nTkrCUtqG1/FxkIRW5/Azrdxcik08YeBj/+cw5nzB7EUBl3321lYXFpeWc2sZdc3Nre2czu7NRMlmkOVRzLSjYAZkEJBFQVKaMQaWBhIqAd3V6N6/QG0EZG6wUEMrZD1lOgKztBa7dyBj9DHtJKAHlzQoS+Z6kmg9yd96usxt3N5t+CORefBm0KeTFVu5778TsSTEBRyyYxpem6MrZRpFFzCMOsnBmLG71gPmhYVC8G00vEpQ3pknQ7tRto+hXTs/p5IWWjMIAxsZ8jw1szWRuZ/tWaC3fNWKlScICg+WdRNJMWIjnKhHaGBoxxYYFwL+1fKb5lmHG16WRuCN3vyPNROC16xUKwU86XLaRwZsk8OyTHxyBkpkWtSJlXCySN5Jq/kzXlyXpx352PSuuBMZ/bIHzmfPxCwmn4=</latexit>

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

Query
Input data

Query time: 1

Store: ⟨q1, x⟩, …, ⟨q|Q|, x⟩

Query time: n

Store: ⟨e1, x⟩, …, ⟨en, x⟩

Query set



Example Query Sets

ha1, xi

<latexit sha1_base64="M2D8VV1ihbPYtP2QfWYius4v6Ho=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWRgi6LblxWsA9oQphMb9qhk0mYmYg1FH/FjQtF3Pof7vwbp2kX2nrgwplz7mXuPWHKmdKO820tLa+srq2XNsqbW9s7u/befkslmaTQpAlPZCckCjgT0NRMc+ikEkgccmiHw+uJ374HqVgi7vQoBT8mfcEiRok2UmAfepyIPgdMAvfswZPFI7ArTtUpgBeJOyMVNEMjsL+8XkKzGISmnCjVdZ1U+zmRmlEO47KXKUgJHZI+dA0VJAbl58X2Y3xilB6OEmlKaFyovydyEis1ikPTGRM9UPPeRPzP62Y6uvRzJtJMg6DTj6KMY53gSRS4xyRQzUeGECqZ2RXTAZGEahNY2YTgzp+8SFrnVbdWrd3WKvWrWRwldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifP9HilNM=</latexit>

ha2n, xi

<latexit sha1_base64="bAdMIVK4u0DZQPQFrRmwye0LDbg=">AAACAHicbVBNS8NAEJ3Ur1q/qh48eFksggcpSSnosejFYwVbC00Im+2mXbrZhN2NWEIu/hUvHhTx6s/w5r9xm/agrQ8G3r43w868IOFMadv+tkorq2vrG+XNytb2zu5edf+gq+JUEtohMY9lL8CKciZoRzPNaS+RFEcBp/fB+Hrq3z9QqVgs7vQkoV6Eh4KFjGBtJL965HIshpwi7GcNkZ8/urJ4+9WaXbcLoGXizEkN5mj71S93EJM0okITjpXqO3aivQxLzQinecVNFU0wGeMh7RsqcESVlxUH5OjUKAMUxtKU0KhQf09kOFJqEgWmM8J6pBa9qfif1091eOllTCSppoLMPgpTjnSMpmmgAZOUaD4xBBPJzK6IjLDERJvMKiYEZ/HkZdJt1J1mvXnbrLWu5nGU4RhO4AwcuIAW3EAbOkAgh2d4hTfryXqx3q2PWWvJms8cwh9Ynz97m5ZY</latexit>

Query: hq, xi

<latexit sha1_base64="juBSZcYYR46P/BK7tvnYE/LcW2A=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAbBQsKuBBSroI1lAuYC2RBmJydxcHZ2nTkrCUtqG1/FxkIRW5/Azrdxcik08YeBj/+cw5nzB7EUBl3321lYXFpeWc2sZdc3Nre2czu7NRMlmkOVRzLSjYAZkEJBFQVKaMQaWBhIqAd3V6N6/QG0EZG6wUEMrZD1lOgKztBa7dyBj9DHtJKAHlzQoS+Z6kmg9yd96usxt3N5t+CORefBm0KeTFVu5778TsSTEBRyyYxpem6MrZRpFFzCMOsnBmLG71gPmhYVC8G00vEpQ3pknQ7tRto+hXTs/p5IWWjMIAxsZ8jw1szWRuZ/tWaC3fNWKlScICg+WdRNJMWIjnKhHaGBoxxYYFwL+1fKb5lmHG16WRuCN3vyPNROC16xUKwU86XLaRwZsk8OyTHxyBkpkWtSJlXCySN5Jq/kzXlyXpx352PSuuBMZ/bIHzmfPxCwmn4=</latexit>

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

Query
Input data

Q = 𝔽n
2

: Hamming weight 2 vectorsQ

: Set of all  matricesQ n × n

Q : {v : v≤i = 1, v>i = 0, i ∈ [n]}
(Partial Sums)

Query set



ha1, xi

<latexit sha1_base64="M2D8VV1ihbPYtP2QfWYius4v6Ho=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWRgi6LblxWsA9oQphMb9qhk0mYmYg1FH/FjQtF3Pof7vwbp2kX2nrgwplz7mXuPWHKmdKO820tLa+srq2XNsqbW9s7u/befkslmaTQpAlPZCckCjgT0NRMc+ikEkgccmiHw+uJ374HqVgi7vQoBT8mfcEiRok2UmAfepyIPgdMAvfswZPFI7ArTtUpgBeJOyMVNEMjsL+8XkKzGISmnCjVdZ1U+zmRmlEO47KXKUgJHZI+dA0VJAbl58X2Y3xilB6OEmlKaFyovydyEis1ikPTGRM9UPPeRPzP62Y6uvRzJtJMg6DTj6KMY53gSRS4xyRQzUeGECqZ2RXTAZGEahNY2YTgzp+8SFrnVbdWrd3WKvWrWRwldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifP9HilNM=</latexit>

ha2n, xi

<latexit sha1_base64="bAdMIVK4u0DZQPQFrRmwye0LDbg=">AAACAHicbVBNS8NAEJ3Ur1q/qh48eFksggcpSSnosejFYwVbC00Im+2mXbrZhN2NWEIu/hUvHhTx6s/w5r9xm/agrQ8G3r43w868IOFMadv+tkorq2vrG+XNytb2zu5edf+gq+JUEtohMY9lL8CKciZoRzPNaS+RFEcBp/fB+Hrq3z9QqVgs7vQkoV6Eh4KFjGBtJL965HIshpwi7GcNkZ8/urJ4+9WaXbcLoGXizEkN5mj71S93EJM0okITjpXqO3aivQxLzQinecVNFU0wGeMh7RsqcESVlxUH5OjUKAMUxtKU0KhQf09kOFJqEgWmM8J6pBa9qfif1091eOllTCSppoLMPgpTjnSMpmmgAZOUaD4xBBPJzK6IjLDERJvMKiYEZ/HkZdJt1J1mvXnbrLWu5nGU4RhO4AwcuIAW3EAbOkAgh2d4hTfryXqx3q2PWWvJms8cwh9Ynz97m5ZY</latexit>

Query: hq, xi

<latexit sha1_base64="juBSZcYYR46P/BK7tvnYE/LcW2A=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAbBQsKuBBSroI1lAuYC2RBmJydxcHZ2nTkrCUtqG1/FxkIRW5/Azrdxcik08YeBj/+cw5nzB7EUBl3321lYXFpeWc2sZdc3Nre2czu7NRMlmkOVRzLSjYAZkEJBFQVKaMQaWBhIqAd3V6N6/QG0EZG6wUEMrZD1lOgKztBa7dyBj9DHtJKAHlzQoS+Z6kmg9yd96usxt3N5t+CORefBm0KeTFVu5778TsSTEBRyyYxpem6MrZRpFFzCMOsnBmLG71gPmhYVC8G00vEpQ3pknQ7tRto+hXTs/p5IWWjMIAxsZ8jw1szWRuZ/tWaC3fNWKlScICg+WdRNJMWIjnKhHaGBoxxYYFwL+1fKb5lmHG16WRuCN3vyPNROC16xUKwU86XLaRwZsk8OyTHxyBkpkWtSJlXCySN5Jq/kzXlyXpx352PSuuBMZ/bIHzmfPxCwmn4=</latexit>

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

Query
Input data

: smallest query time among space s data structures𝖫𝖳(Q, s)

Question: relationship between 𝖫𝖳(Q, s), |Q | , n, s

Query set

Linear Data Structures 
[Yao81, Fre81]



ha1, xi

<latexit sha1_base64="M2D8VV1ihbPYtP2QfWYius4v6Ho=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWRgi6LblxWsA9oQphMb9qhk0mYmYg1FH/FjQtF3Pof7vwbp2kX2nrgwplz7mXuPWHKmdKO820tLa+srq2XNsqbW9s7u/befkslmaTQpAlPZCckCjgT0NRMc+ikEkgccmiHw+uJ374HqVgi7vQoBT8mfcEiRok2UmAfepyIPgdMAvfswZPFI7ArTtUpgBeJOyMVNEMjsL+8XkKzGISmnCjVdZ1U+zmRmlEO47KXKUgJHZI+dA0VJAbl58X2Y3xilB6OEmlKaFyovydyEis1ikPTGRM9UPPeRPzP62Y6uvRzJtJMg6DTj6KMY53gSRS4xyRQzUeGECqZ2RXTAZGEahNY2YTgzp+8SFrnVbdWrd3WKvWrWRwldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifP9HilNM=</latexit>

ha2n, xi

<latexit sha1_base64="bAdMIVK4u0DZQPQFrRmwye0LDbg=">AAACAHicbVBNS8NAEJ3Ur1q/qh48eFksggcpSSnosejFYwVbC00Im+2mXbrZhN2NWEIu/hUvHhTx6s/w5r9xm/agrQ8G3r43w868IOFMadv+tkorq2vrG+XNytb2zu5edf+gq+JUEtohMY9lL8CKciZoRzPNaS+RFEcBp/fB+Hrq3z9QqVgs7vQkoV6Eh4KFjGBtJL965HIshpwi7GcNkZ8/urJ4+9WaXbcLoGXizEkN5mj71S93EJM0okITjpXqO3aivQxLzQinecVNFU0wGeMh7RsqcESVlxUH5OjUKAMUxtKU0KhQf09kOFJqEgWmM8J6pBa9qfif1091eOllTCSppoLMPgpTjnSMpmmgAZOUaD4xBBPJzK6IjLDERJvMKiYEZ/HkZdJt1J1mvXnbrLWu5nGU4RhO4AwcuIAW3EAbOkAgh2d4hTfryXqx3q2PWWvJms8cwh9Ynz97m5ZY</latexit>

Query: hq, xi

<latexit sha1_base64="juBSZcYYR46P/BK7tvnYE/LcW2A=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAbBQsKuBBSroI1lAuYC2RBmJydxcHZ2nTkrCUtqG1/FxkIRW5/Azrdxcik08YeBj/+cw5nzB7EUBl3321lYXFpeWc2sZdc3Nre2czu7NRMlmkOVRzLSjYAZkEJBFQVKaMQaWBhIqAd3V6N6/QG0EZG6wUEMrZD1lOgKztBa7dyBj9DHtJKAHlzQoS+Z6kmg9yd96usxt3N5t+CORefBm0KeTFVu5778TsSTEBRyyYxpem6MrZRpFFzCMOsnBmLG71gPmhYVC8G00vEpQ3pknQ7tRto+hXTs/p5IWWjMIAxsZ8jw1szWRuZ/tWaC3fNWKlScICg+WdRNJMWIjnKhHaGBoxxYYFwL+1fKb5lmHG16WRuCN3vyPNROC16xUKwU86XLaRwZsk8OyTHxyBkpkWtSJlXCySN5Jq/kzXlyXpx352PSuuBMZ/bIHzmfPxCwmn4=</latexit>

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

Query
Input data

Best known lower bound on  for explicit : 𝖫𝖳(Q, s) Q
log |Q |
log(s/n)

Question: relationship between 𝖫𝖳(Q, s), |Q | , n, s

Query set

: smallest query time among space s data structures𝖫𝖳(Q, s)

Linear Data Structures 
[Yao81, Fre81]



ha1, xi

<latexit sha1_base64="M2D8VV1ihbPYtP2QfWYius4v6Ho=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWRgi6LblxWsA9oQphMb9qhk0mYmYg1FH/FjQtF3Pof7vwbp2kX2nrgwplz7mXuPWHKmdKO820tLa+srq2XNsqbW9s7u/befkslmaTQpAlPZCckCjgT0NRMc+ikEkgccmiHw+uJ374HqVgi7vQoBT8mfcEiRok2UmAfepyIPgdMAvfswZPFI7ArTtUpgBeJOyMVNEMjsL+8XkKzGISmnCjVdZ1U+zmRmlEO47KXKUgJHZI+dA0VJAbl58X2Y3xilB6OEmlKaFyovydyEis1ikPTGRM9UPPeRPzP62Y6uvRzJtJMg6DTj6KMY53gSRS4xyRQzUeGECqZ2RXTAZGEahNY2YTgzp+8SFrnVbdWrd3WKvWrWRwldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifP9HilNM=</latexit>

ha2n, xi

<latexit sha1_base64="bAdMIVK4u0DZQPQFrRmwye0LDbg=">AAACAHicbVBNS8NAEJ3Ur1q/qh48eFksggcpSSnosejFYwVbC00Im+2mXbrZhN2NWEIu/hUvHhTx6s/w5r9xm/agrQ8G3r43w868IOFMadv+tkorq2vrG+XNytb2zu5edf+gq+JUEtohMY9lL8CKciZoRzPNaS+RFEcBp/fB+Hrq3z9QqVgs7vQkoV6Eh4KFjGBtJL965HIshpwi7GcNkZ8/urJ4+9WaXbcLoGXizEkN5mj71S93EJM0okITjpXqO3aivQxLzQinecVNFU0wGeMh7RsqcESVlxUH5OjUKAMUxtKU0KhQf09kOFJqEgWmM8J6pBa9qfif1091eOllTCSppoLMPgpTjnSMpmmgAZOUaD4xBBPJzK6IjLDERJvMKiYEZ/HkZdJt1J1mvXnbrLWu5nGU4RhO4AwcuIAW3EAbOkAgh2d4hTfryXqx3q2PWWvJms8cwh9Ynz97m5ZY</latexit>

Query: hq, xi

<latexit sha1_base64="juBSZcYYR46P/BK7tvnYE/LcW2A=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAbBQsKuBBSroI1lAuYC2RBmJydxcHZ2nTkrCUtqG1/FxkIRW5/Azrdxcik08YeBj/+cw5nzB7EUBl3321lYXFpeWc2sZdc3Nre2czu7NRMlmkOVRzLSjYAZkEJBFQVKaMQaWBhIqAd3V6N6/QG0EZG6wUEMrZD1lOgKztBa7dyBj9DHtJKAHlzQoS+Z6kmg9yd96usxt3N5t+CORefBm0KeTFVu5778TsSTEBRyyYxpem6MrZRpFFzCMOsnBmLG71gPmhYVC8G00vEpQ3pknQ7tRto+hXTs/p5IWWjMIAxsZ8jw1szWRuZ/tWaC3fNWKlScICg+WdRNJMWIjnKhHaGBoxxYYFwL+1fKb5lmHG16WRuCN3vyPNROC16xUKwU86XLaRwZsk8OyTHxyBkpkWtSJlXCySN5Jq/kzXlyXpx352PSuuBMZ/bIHzmfPxCwmn4=</latexit>

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

Query
Input data

Best known lower bound on  for explicit : 𝖫𝖳(Q, s) Q
log |Q |
log(s/n)

Question: relationship between 𝖫𝖳(Q, s), |Q | , n, s

Linear Data Structures 
[Yao81, Fre81]

Query set

: smallest query time among space s data structure𝖫𝖳(Q, s)
This is the case for general data structures as well! 
[Sie04, Pat08, PTW10, Lar12]



ha1, xi

<latexit sha1_base64="M2D8VV1ihbPYtP2QfWYius4v6Ho=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWRgi6LblxWsA9oQphMb9qhk0mYmYg1FH/FjQtF3Pof7vwbp2kX2nrgwplz7mXuPWHKmdKO820tLa+srq2XNsqbW9s7u/befkslmaTQpAlPZCckCjgT0NRMc+ikEkgccmiHw+uJ374HqVgi7vQoBT8mfcEiRok2UmAfepyIPgdMAvfswZPFI7ArTtUpgBeJOyMVNEMjsL+8XkKzGISmnCjVdZ1U+zmRmlEO47KXKUgJHZI+dA0VJAbl58X2Y3xilB6OEmlKaFyovydyEis1ikPTGRM9UPPeRPzP62Y6uvRzJtJMg6DTj6KMY53gSRS4xyRQzUeGECqZ2RXTAZGEahNY2YTgzp+8SFrnVbdWrd3WKvWrWRwldISO0Sly0QWqoxvUQE1E0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifP9HilNM=</latexit>

ha2n, xi

<latexit sha1_base64="bAdMIVK4u0DZQPQFrRmwye0LDbg=">AAACAHicbVBNS8NAEJ3Ur1q/qh48eFksggcpSSnosejFYwVbC00Im+2mXbrZhN2NWEIu/hUvHhTx6s/w5r9xm/agrQ8G3r43w868IOFMadv+tkorq2vrG+XNytb2zu5edf+gq+JUEtohMY9lL8CKciZoRzPNaS+RFEcBp/fB+Hrq3z9QqVgs7vQkoV6Eh4KFjGBtJL965HIshpwi7GcNkZ8/urJ4+9WaXbcLoGXizEkN5mj71S93EJM0okITjpXqO3aivQxLzQinecVNFU0wGeMh7RsqcESVlxUH5OjUKAMUxtKU0KhQf09kOFJqEgWmM8J6pBa9qfif1091eOllTCSppoLMPgpTjnSMpmmgAZOUaD4xBBPJzK6IjLDERJvMKiYEZ/HkZdJt1J1mvXnbrLWu5nGU4RhO4AwcuIAW3EAbOkAgh2d4hTfryXqx3q2PWWvJms8cwh9Ynz97m5ZY</latexit>

Query: hq, xi

<latexit sha1_base64="juBSZcYYR46P/BK7tvnYE/LcW2A=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAbBQsKuBBSroI1lAuYC2RBmJydxcHZ2nTkrCUtqG1/FxkIRW5/Azrdxcik08YeBj/+cw5nzB7EUBl3321lYXFpeWc2sZdc3Nre2czu7NRMlmkOVRzLSjYAZkEJBFQVKaMQaWBhIqAd3V6N6/QG0EZG6wUEMrZD1lOgKztBa7dyBj9DHtJKAHlzQoS+Z6kmg9yd96usxt3N5t+CORefBm0KeTFVu5778TsSTEBRyyYxpem6MrZRpFFzCMOsnBmLG71gPmhYVC8G00vEpQ3pknQ7tRto+hXTs/p5IWWjMIAxsZ8jw1szWRuZ/tWaC3fNWKlScICg+WdRNJMWIjnKhHaGBoxxYYFwL+1fKb5lmHG16WRuCN3vyPNROC16xUKwU86XLaRwZsk8OyTHxyBkpkWtSJlXCySN5Jq/kzXlyXpx352PSuuBMZ/bIHzmfPxCwmn4=</latexit>

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

Query
Input data

Best known lower bound on  for explicit : 𝖫𝖳(Q, 2n) Q log |Q |

Question: relationship between 𝖫𝖳(Q, s), |Q | , n, s

Linear Data Structures 
[Yao81, Fre81]

Query set

: smallest query time among space s data structure𝖫𝖳(Q, s)



Rectangular Rigidity [APY09]

Want a subset  that is “far-away” from 
any low dimensional subspace

Q ⊆ 𝔽n
2

- “small” random sets have this property 
- interested in explicit sets



Want a subset  that is “far-away” from 
any low dimensional subspace

Q ⊆ 𝔽n
2

Rectangular Rigidity [APY09]

- “small” random sets have this property 
- interested in explicit sets

≠ +

q1

<latexit sha1_base64="XrX7Jt9rs4Gppmll9denh0q9sh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2m3bpZhN3J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEDTI2g</latexit>

q2

<latexit sha1_base64="/KluBkv+qNAuw8Aof0VZxca2U/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbuToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nSeujYjVPU4S7kd0qEQoGEUr3T32a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8E0I2h</latexit>

q3

<latexit sha1_base64="Vp2f6RIL2FVtxuXGVmfU8Ymg4u8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/YueqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMGVI2i</latexit>

Row sparseLow rankQ



 is -rigid if for every -dim subspace 
, there is a point  at a Hamming distance 

of at least  from .

Q ⊆ 𝔽n
2 (r, t) r

V q ∈ Q
t V

Rectangular Rigidity [APY09]



 is -rigid if for every -dim subspace 
, there is a point  at a Hamming distance 

of at least  from .

Q ⊆ 𝔽n
2 (r, t) r

V q ∈ Q
t V

Rectangular Rigidity [APY09]

≠ +

q1

<latexit sha1_base64="XrX7Jt9rs4Gppmll9denh0q9sh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2m3bpZhN3J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEDTI2g</latexit>

q2

<latexit sha1_base64="/KluBkv+qNAuw8Aof0VZxca2U/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbuToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nSeujYjVPU4S7kd0qEQoGEUr3T32a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8E0I2h</latexit>

q3

<latexit sha1_base64="Vp2f6RIL2FVtxuXGVmfU8Ymg4u8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/YueqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMGVI2i</latexit>

A : rank r

<latexit sha1_base64="npNuWyNSpHaDAtUxjh0udJoToEg=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVgOIp6sVjBPOAJITZySQZMju7zPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunuCmIpDHret5NbW9/Y3MpvF3Z29/YP3MOjuokSzXiNRTLSzYAaLoXiNRQoeTPWnIaB5I1gdDfzG2OujYjUI05i3gnpQIm+YBSt1HXdm+s28idMiaZqRKa66xa9kjcHWSV+RoqQodp1v9q9iCUhV8gkNablezF2UqpRMMmnhXZieEzZiA54y1JFQ2466fzyKTmzSo/0I21LIZmrvydSGhozCQPbGVIcmmVvJv7ntRLsX3VSoeIEuWKLRf1EEozILAbSE5ozlBNLKNPC3krYkGrK0IZVsCH4yy+vkvpFyS+Xyg/lYuU2iyMPJ3AK5+DDJVTgHqpQAwZjeIZXeHNS58V5dz4WrTknmzmGP3A+fwADTpNE</latexit>

B : t� sparse rows

<latexit sha1_base64="R0T995s83Pz3nv/PbMVPElhedUs=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgeDHsSkDxFOLFYwTzgCSE2UlvMmT2wUyvGtYc/BUvHhTx6m9482+cJHvQxIKGoqqb7i43kkKjbX9bmaXlldW17HpuY3Nreye/u1fXYaw41HgoQ9V0mQYpAqihQAnNSAHzXQkNd3g18Rt3oLQIg1scRdDxWT8QnuAMjdTNH1Qu8bSN8ICJjpjSQFV4r8fdfMEu2lPQReKkpEBSVLv5r3Yv5LEPAXLJtG45doSdhCkUXMI41441RIwPWR9ahgbMB91JpveP6bFRetQLlakA6VT9PZEwX+uR75pOn+FAz3sT8T+vFaN30UlEEMUIAZ8t8mJJMaSTMGhPKOAoR4YwroS5lfIBU4yjiSxnQnDmX14k9bOiUyqWbkqFciWNI0sOyRE5IQ45J2VyTaqkRjh5JM/klbxZT9aL9W59zFozVjqzT/7A+vwBM9qWPQ==</latexit>

Non-zero entries in B
Q

|Q | × n



 is -rigid if for every -dim subspace 
, there is a point  at a Hamming distance 

of at least  from .

Q ⊆ 𝔽n
2 (r, t) r

V q ∈ Q
t V

Question: relationship between r, t, n, |Q |

Rectangular Rigidity [APY09]



 is -rigid if for every -dim subspace 
, there is a point  at a Hamming distance 

of at least  from .

Q ⊆ 𝔽n
2 (r, t) r

V q ∈ Q
t V

Best known lower bounds for explicit   
[Fri93, SSS97, APY09, AC15]: 

                

Q

t ≥ min { n
r

⋅ log ( |Q |
r ), n}

Question: relationship between r, t, n, |Q |

Rectangular Rigidity [APY09]



 is -rigid if for every -dim subspace 
, there is a point  at a Hamming distance 

of at least  from .

Q ⊆ 𝔽n
2 (r, t) r

V q ∈ Q
t V

Best known lower bounds for explicit   
[Fri93, SSS97, APY09, AC15]: 
                 for .

Q

t ≥ log |Q | /n r = n/2

Question: relationship between r, t, n, |Q |

Rectangular Rigidity [APY09]



[DGW18]: Linear DS Lower Bounds 
imply Rigidity Lower Bounds

Theorem:  
If  is explicit and ,  
then there exists a semi-explicit  rigid set  

 that is  rigid.

Q ⊆ 𝔽n
2 𝖫𝖳(Q, 2n) = ω (log |Q | ⋅ log n)

(𝖯𝖭𝖯)
Q′ ⊆ 𝔽n′ 

2 (n′ /2, ω (log |Q |))



[DGW18]: Linear DS Lower Bounds 
imply Rigidity Lower Bounds

Theorem:  
If  is explicit and ,  
then there exists a semi-explicit  rigid set  

 that is  rigid.

Q ⊆ 𝔽n
2 𝖫𝖳(Q, 2n) = ω (log |Q | ⋅ log n)

(𝖯𝖭𝖯)
Q′ ⊆ 𝔽n′ 

2 (n′ /2, ω (log |Q |))

 is the best known 
lower bound for explicit sets

log |Q |  is the best known 
lower bound for explicit sets

log |Q |



Key Lemma:  
For , if  is not -rigid, then 
there exits  such that  
(a) dim( )  
(b) .

t ≥ log n Q ⊆ 𝔽n
2 (n/2, t/log n)

Q′ 

Q′ ≤ n/2
𝖫𝖳(Q, 2n) < 𝖫𝖳(Q′ , n) + t/log n



1.Recurse until Q’ is a constant dimension 
set. 

2. In the process, either a rigid set is 
found, OR 

3. 𝖫𝖳(Q, 2n) ≤ t + O(1)

Key Lemma:  
For , if  is not -rigid, then 
there exits  such that  
(a) dim( )  
(b) .

t ≥ log n Q ⊆ 𝔽n
2 (n/2, t/log n)

Q′ 

Q′ ≤ n/2
𝖫𝖳(Q, 2n) < 𝖫𝖳(Q′ , n) + t/log n



1.Recurse until Q’ is a constant dimension 
set. 

2. In the process, either a rigid set is 
found, OR 

3. 𝖫𝖳(Q, 2n) ≤ t + O(1)

Exercise to show Q’ can be obtained by a poly 
time algorithm with access to an NP oracle 

Key Lemma:  
For , if  is not -rigid, then 
there exits  such that  
(a) dim( )  
(b) .

t ≥ log n Q ⊆ 𝔽n
2 (n/2, t/log n)

Q′ 

Q′ ≤ n/2
𝖫𝖳(Q, 2n) < 𝖫𝖳(Q′ , n) + t/log n



Key Lemma:  
If  is not -rigid, then there exists a 

 such that  
(a) dim( )  
(b) .

Q ⊆ 𝔽n
2 (n/2, t/log n)

Q′ 

Q′ ≤ n/2
𝖫𝖳(Q, 2n) < 𝖫𝖳(Q′ , n) + t/log n

Proof: 



Key Lemma:  
If  is not -rigid, then there exists a 

 such that  
(a) dim( )  
(b) .

Q ⊆ 𝔽n
2 (n/2, t/log n)

Q′ 

Q′ ≤ n/2
𝖫𝖳(Q, 2n) < 𝖫𝖳(Q′ , n) + t/log n

Proof: 

Since Q not rigid, there is a subspace V of dim n/2 such that 
for ,  satisfying  and .q ∈ Q q = vq + uq vq ∈ V dH(uq) < t/log n



Proof: 

Since Q not rigid, there is a subspace V of dim n/2 such that 
for ,  satisfying  and .q ∈ Q q = vq + uq vq ∈ V dH(uq) < t/log n

Define Q′ = {vq |q ∈ Q}

Key Lemma:  
If  is not -rigid, then there exists a 

 such that  
(a) dim( )  
(b) .

Q ⊆ 𝔽n
2 (n/2, t/log n)

Q′ 

Q′ ≤ n/2
𝖫𝖳(Q, 2n) < 𝖫𝖳(Q′ , n) + t/log n



Proof: 

Since Q not rigid, there is a subspace V of dim n/2 such that 
for ,  satisfying  and .q ∈ Q q = vq + uq vq ∈ V dH(uq) < t/log n

Define Q′ = {vq |q ∈ Q}

Compute 
⟨q, x⟩ = ⟨vq, x⟩ + ⟨uq, x⟩

 with  queries and  space⟨vq, x⟩ 𝖫𝖳(Q′ , n) n

 with  queries and  space 
storing 
⟨uq, x⟩ t/log n n

⟨e1, x⟩, …, ⟨en, x⟩

Key Lemma:  
If  is not -rigid, then there exists a 

 such that  
(a) dim( )  
(b) .

Q ⊆ 𝔽n
2 (n/2, t/log n)

Q′ 

Q′ ≤ n/2
𝖫𝖳(Q, 2n) < 𝖫𝖳(Q′ , n) + t/log n



[DGW18]: Linear DS Lower Bounds 
imply Rigidity Lower Bounds

Theorem:  
If  is explicit and ,  
then there exists a semi-explicit  rigid set  

 that is  rigid.

Q ⊆ 𝔽n
2 𝖫𝖳(Q, 2n) = ω (log |Q | ⋅ log n)

(𝖯𝖭𝖯)
Q′ ⊆ 𝔽n′ 

2 (n′ /2, ω (log |Q |))
Remarks:  
1. [DGW18]’s proof is more general. Shows a connection 

between inner and outer dimension of matrices, measures 
defined by [PP06]. 

2. [DGW18]’s prove connections between other types of data 
structures and rigidity.



Systematic Linear Model 
[Val92, GM07, CKL18]

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

Query
Input data



Systematic Linear Model 
[Val92, GM07, CKL18]

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

x1

<latexit sha1_base64="3c+R7TUljyGse9TtnSD6PbvAzD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEN9o2n</latexit>

x2

<latexit sha1_base64="o3wFLFaKyKBrwbQ6JfdiLDWtk1E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Peo2o</latexit>

x3

<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

xn

<latexit sha1_base64="7GJZYLTF3QQxaV/kSQV1tJg1qxQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9Wrd3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBqao3k</latexit>

ha1, xi

<latexit sha1_base64="nUb+DMMDsgnrZmR1cOGywvTfMIg=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF1ISKeiy6MZlBfuAJoSb6bQdOpmEmYlYQsFfceNCEbd+hzv/xmmahbYeuHDmnHuZe0+YcKa043xbpZXVtfWN8mZla3tnd8/eP2irOJWEtkjMY9kNQVHOBG1ppjntJpJCFHLaCcc3M7/zQKVisbjXk4T6EQwFGzAC2kiBfeRxEENOMQTu+SP2ZP4K7KpTc3LgZeIWpIoKNAP7y+vHJI2o0ISDUj3XSbSfgdSMcDqteKmiCZAxDGnPUAERVX6Wrz/Fp0bp40EsTQmNc/X3RAaRUpMoNJ0R6JFa9Gbif14v1YMrP2MiSTUVZP7RIOVYx3iWBe4zSYnmE0OASGZ2xWQEEog2iVVMCO7iycukfVFz67X6Xb3auC7iKKNjdILOkIsuUQPdoiZqIYIy9Ixe0Zv1ZL1Y79bHvLVkFTOH6A+szx8s/pT9</latexit>

har, xi

<latexit sha1_base64="lvafBkwrt61pbz7nzv0OU0tRky4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkUtBl0Y3LCvYBTQiT6bQdOpmEmYlYQsFfceNCEbd+hzv/xmmahbYeuHDmnHuZe0+YcKa043xbpZXVtfWN8mZla3tnd8/eP2irOJWEtkjMY9kNsaKcCdrSTHPaTSTFUchpJxzfzPzOA5WKxeJeTxLqR3go2IARrI0U2Ecex2LIKcKBPH9EnsxfgV11ak4OtEzcglShQDOwv7x+TNKICk04VqrnOon2Myw1I5xOK16qaILJGA9pz1CBI6r8LF9/ik6N0keDWJoSGuXq74kMR0pNotB0RliP1KI3E//zeqkeXPkZE0mqqSDzjwYpRzpGsyxQn0lKNJ8YgolkZldERlhiok1iFROCu3jyMmlf1Nx6rX5XrzauizjKcAwncAYuXEIDbqEJLSCQwTO8wpv1ZL1Y79bHvLVkFTOH8AfW5w+SDJU+</latexit>



Systematic Linear Model 
[Val92, GM07, CKL18]

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

x1

<latexit sha1_base64="3c+R7TUljyGse9TtnSD6PbvAzD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEN9o2n</latexit>

x2

<latexit sha1_base64="o3wFLFaKyKBrwbQ6JfdiLDWtk1E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Peo2o</latexit>

x3

<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

xn

<latexit sha1_base64="7GJZYLTF3QQxaV/kSQV1tJg1qxQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9Wrd3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBqao3k</latexit>

ha1, xi

<latexit sha1_base64="nUb+DMMDsgnrZmR1cOGywvTfMIg=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF1ISKeiy6MZlBfuAJoSb6bQdOpmEmYlYQsFfceNCEbd+hzv/xmmahbYeuHDmnHuZe0+YcKa043xbpZXVtfWN8mZla3tnd8/eP2irOJWEtkjMY9kNQVHOBG1ppjntJpJCFHLaCcc3M7/zQKVisbjXk4T6EQwFGzAC2kiBfeRxEENOMQTu+SP2ZP4K7KpTc3LgZeIWpIoKNAP7y+vHJI2o0ISDUj3XSbSfgdSMcDqteKmiCZAxDGnPUAERVX6Wrz/Fp0bp40EsTQmNc/X3RAaRUpMoNJ0R6JFa9Gbif14v1YMrP2MiSTUVZP7RIOVYx3iWBe4zSYnmE0OASGZ2xWQEEog2iVVMCO7iycukfVFz67X6Xb3auC7iKKNjdILOkIsuUQPdoiZqIYIy9Ixe0Zv1ZL1Y79bHvLVkFTOH6A+szx8s/pT9</latexit>

har, xi

<latexit sha1_base64="lvafBkwrt61pbz7nzv0OU0tRky4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkUtBl0Y3LCvYBTQiT6bQdOpmEmYlYQsFfceNCEbd+hzv/xmmahbYeuHDmnHuZe0+YcKa043xbpZXVtfWN8mZla3tnd8/eP2irOJWEtkjMY9kNsaKcCdrSTHPaTSTFUchpJxzfzPzOA5WKxeJeTxLqR3go2IARrI0U2Ecex2LIKcKBPH9EnsxfgV11ak4OtEzcglShQDOwv7x+TNKICk04VqrnOon2Myw1I5xOK16qaILJGA9pz1CBI6r8LF9/ik6N0keDWJoSGuXq74kMR0pNotB0RliP1KI3E//zeqkeXPkZE0mqqSDzjwYpRzpGsyxQn0lKNJ8YgolkZldERlhiok1iFROCu3jyMmlf1Nx6rX5XrzauizjKcAwncAYuXEIDbqEJLSCQwTO8wpv1ZL1Y79bHvLVkFTOH8AfW5w+SDJU+</latexit>

Query: hq, xi

<latexit sha1_base64="juBSZcYYR46P/BK7tvnYE/LcW2A=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAbBQsKuBBSroI1lAuYC2RBmJydxcHZ2nTkrCUtqG1/FxkIRW5/Azrdxcik08YeBj/+cw5nzB7EUBl3321lYXFpeWc2sZdc3Nre2czu7NRMlmkOVRzLSjYAZkEJBFQVKaMQaWBhIqAd3V6N6/QG0EZG6wUEMrZD1lOgKztBa7dyBj9DHtJKAHlzQoS+Z6kmg9yd96usxt3N5t+CORefBm0KeTFVu5778TsSTEBRyyYxpem6MrZRpFFzCMOsnBmLG71gPmhYVC8G00vEpQ3pknQ7tRto+hXTs/p5IWWjMIAxsZ8jw1szWRuZ/tWaC3fNWKlScICg+WdRNJMWIjnKhHaGBoxxYYFwL+1fKb5lmHG16WRuCN3vyPNROC16xUKwU86XLaRwZsk8OyTHxyBkpkWtSJlXCySN5Jq/kzXlyXpx352PSuuBMZ/bIHzmfPxCwmn4=</latexit>



Systematic Linear Model 
[Val92, GM07, CKL18]

Query time: number of accesses to x

Store  and compute queries , where x ∈ 𝔽n
2 ⟨q, x⟩ q ∈ Q ⊆ 𝔽n

2

x1

<latexit sha1_base64="3c+R7TUljyGse9TtnSD6PbvAzD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEN9o2n</latexit>

x2

<latexit sha1_base64="o3wFLFaKyKBrwbQ6JfdiLDWtk1E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Peo2o</latexit>

x3

<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

xn

<latexit sha1_base64="7GJZYLTF3QQxaV/kSQV1tJg1qxQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9Wrd3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBqao3k</latexit>

ha1, xi

<latexit sha1_base64="nUb+DMMDsgnrZmR1cOGywvTfMIg=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF1ISKeiy6MZlBfuAJoSb6bQdOpmEmYlYQsFfceNCEbd+hzv/xmmahbYeuHDmnHuZe0+YcKa043xbpZXVtfWN8mZla3tnd8/eP2irOJWEtkjMY9kNQVHOBG1ppjntJpJCFHLaCcc3M7/zQKVisbjXk4T6EQwFGzAC2kiBfeRxEENOMQTu+SP2ZP4K7KpTc3LgZeIWpIoKNAP7y+vHJI2o0ISDUj3XSbSfgdSMcDqteKmiCZAxDGnPUAERVX6Wrz/Fp0bp40EsTQmNc/X3RAaRUpMoNJ0R6JFa9Gbif14v1YMrP2MiSTUVZP7RIOVYx3iWBe4zSYnmE0OASGZ2xWQEEog2iVVMCO7iycukfVFz67X6Xb3auC7iKKNjdILOkIsuUQPdoiZqIYIy9Ixe0Zv1ZL1Y79bHvLVkFTOH6A+szx8s/pT9</latexit>

har, xi

<latexit sha1_base64="lvafBkwrt61pbz7nzv0OU0tRky4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkUtBl0Y3LCvYBTQiT6bQdOpmEmYlYQsFfceNCEbd+hzv/xmmahbYeuHDmnHuZe0+YcKa043xbpZXVtfWN8mZla3tnd8/eP2irOJWEtkjMY9kNsaKcCdrSTHPaTSTFUchpJxzfzPzOA5WKxeJeTxLqR3go2IARrI0U2Ecex2LIKcKBPH9EnsxfgV11ak4OtEzcglShQDOwv7x+TNKICk04VqrnOon2Myw1I5xOK16qaILJGA9pz1CBI6r8LF9/ik6N0keDWJoSGuXq74kMR0pNotB0RliP1KI3E//zeqkeXPkZE0mqqSDzjwYpRzpGsyxQn0lKNJ8YgolkZldERlhiok1iFROCu3jyMmlf1Nx6rX5XrzauizjKcAwncAYuXEIDbqEJLSCQwTO8wpv1ZL1Y79bHvLVkFTOH8AfW5w+SDJU+</latexit>

Query: hq, xi

<latexit sha1_base64="juBSZcYYR46P/BK7tvnYE/LcW2A=">AAACCnicbZC7SgNBFIZnvcZ4i1rajAbBQsKuBBSroI1lAuYC2RBmJydxcHZ2nTkrCUtqG1/FxkIRW5/Azrdxcik08YeBj/+cw5nzB7EUBl3321lYXFpeWc2sZdc3Nre2czu7NRMlmkOVRzLSjYAZkEJBFQVKaMQaWBhIqAd3V6N6/QG0EZG6wUEMrZD1lOgKztBa7dyBj9DHtJKAHlzQoS+Z6kmg9yd96usxt3N5t+CORefBm0KeTFVu5778TsSTEBRyyYxpem6MrZRpFFzCMOsnBmLG71gPmhYVC8G00vEpQ3pknQ7tRto+hXTs/p5IWWjMIAxsZ8jw1szWRuZ/tWaC3fNWKlScICg+WdRNJMWIjnKhHaGBoxxYYFwL+1fKb5lmHG16WRuCN3vyPNROC16xUKwU86XLaRwZsk8OyTHxyBkpkWtSJlXCySN5Jq/kzXlyXpx352PSuuBMZ/bIHzmfPxCwmn4=</latexit>

Redundant bits: ⟨a1, x⟩, …, ⟨ar, x⟩



A Data Structure Upper Bound

= +

q1

<latexit sha1_base64="XrX7Jt9rs4Gppmll9denh0q9sh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2m3bpZhN3J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEDTI2g</latexit>

q2

<latexit sha1_base64="/KluBkv+qNAuw8Aof0VZxca2U/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbuToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nSeujYjVPU4S7kd0qEQoGEUr3T32a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8E0I2h</latexit>

q3

<latexit sha1_base64="Vp2f6RIL2FVtxuXGVmfU8Ymg4u8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/YueqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMGVI2i</latexit>

A : rank r

<latexit sha1_base64="npNuWyNSpHaDAtUxjh0udJoToEg=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVgOIp6sVjBPOAJITZySQZMju7zPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunuCmIpDHret5NbW9/Y3MpvF3Z29/YP3MOjuokSzXiNRTLSzYAaLoXiNRQoeTPWnIaB5I1gdDfzG2OujYjUI05i3gnpQIm+YBSt1HXdm+s28idMiaZqRKa66xa9kjcHWSV+RoqQodp1v9q9iCUhV8gkNablezF2UqpRMMmnhXZieEzZiA54y1JFQ2466fzyKTmzSo/0I21LIZmrvydSGhozCQPbGVIcmmVvJv7ntRLsX3VSoeIEuWKLRf1EEozILAbSE5ozlBNLKNPC3krYkGrK0IZVsCH4yy+vkvpFyS+Xyg/lYuU2iyMPJ3AK5+DDJVTgHqpQAwZjeIZXeHNS58V5dz4WrTknmzmGP3A+fwADTpNE</latexit>

B : t� sparse rows

<latexit sha1_base64="R0T995s83Pz3nv/PbMVPElhedUs=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgeDHsSkDxFOLFYwTzgCSE2UlvMmT2wUyvGtYc/BUvHhTx6m9482+cJHvQxIKGoqqb7i43kkKjbX9bmaXlldW17HpuY3Nreye/u1fXYaw41HgoQ9V0mQYpAqihQAnNSAHzXQkNd3g18Rt3oLQIg1scRdDxWT8QnuAMjdTNH1Qu8bSN8ICJjpjSQFV4r8fdfMEu2lPQReKkpEBSVLv5r3Yv5LEPAXLJtG45doSdhCkUXMI41441RIwPWR9ahgbMB91JpveP6bFRetQLlakA6VT9PZEwX+uR75pOn+FAz3sT8T+vFaN30UlEEMUIAZ8t8mJJMaSTMGhPKOAoR4YwroS5lfIBU4yjiSxnQnDmX14k9bOiUyqWbkqFciWNI0sOyRE5IQ45J2VyTaqkRjh5JM/klbxZT9aL9W59zFozVjqzT/7A+vwBM9qWPQ==</latexit>

Non-zero entries in B
Q



= +

q1

<latexit sha1_base64="XrX7Jt9rs4Gppmll9denh0q9sh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2m3bpZhN3J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEDTI2g</latexit>

q2

<latexit sha1_base64="/KluBkv+qNAuw8Aof0VZxca2U/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbuToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nSeujYjVPU4S7kd0qEQoGEUr3T32a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8E0I2h</latexit>

q3

<latexit sha1_base64="Vp2f6RIL2FVtxuXGVmfU8Ymg4u8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/YueqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMGVI2i</latexit>

A : rank r

<latexit sha1_base64="npNuWyNSpHaDAtUxjh0udJoToEg=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVgOIp6sVjBPOAJITZySQZMju7zPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunuCmIpDHret5NbW9/Y3MpvF3Z29/YP3MOjuokSzXiNRTLSzYAaLoXiNRQoeTPWnIaB5I1gdDfzG2OujYjUI05i3gnpQIm+YBSt1HXdm+s28idMiaZqRKa66xa9kjcHWSV+RoqQodp1v9q9iCUhV8gkNablezF2UqpRMMmnhXZieEzZiA54y1JFQ2466fzyKTmzSo/0I21LIZmrvydSGhozCQPbGVIcmmVvJv7ntRLsX3VSoeIEuWKLRf1EEozILAbSE5ozlBNLKNPC3krYkGrK0IZVsCH4yy+vkvpFyS+Xyg/lYuU2iyMPJ3AK5+DDJVTgHqpQAwZjeIZXeHNS58V5dz4WrTknmzmGP3A+fwADTpNE</latexit>

B : t� sparse rows

<latexit sha1_base64="R0T995s83Pz3nv/PbMVPElhedUs=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgeDHsSkDxFOLFYwTzgCSE2UlvMmT2wUyvGtYc/BUvHhTx6m9482+cJHvQxIKGoqqb7i43kkKjbX9bmaXlldW17HpuY3Nreye/u1fXYaw41HgoQ9V0mQYpAqihQAnNSAHzXQkNd3g18Rt3oLQIg1scRdDxWT8QnuAMjdTNH1Qu8bSN8ICJjpjSQFV4r8fdfMEu2lPQReKkpEBSVLv5r3Yv5LEPAXLJtG45doSdhCkUXMI41441RIwPWR9ahgbMB91JpveP6bFRetQLlakA6VT9PZEwX+uR75pOn+FAz3sT8T+vFaN30UlEEMUIAZ8t8mJJMaSTMGhPKOAoR4YwroS5lfIBU4yjiSxnQnDmX14k9bOiUyqWbkqFciWNI0sOyRE5IQ45J2VyTaqkRjh5JM/klbxZT9aL9W59zFozVjqzT/7A+vwBM9qWPQ==</latexit>

Non-zero entries in B

Redundant bits:  where  basis of ⟨a*1 , x⟩, …, ⟨a*r , x⟩, a*1 , …, a*r A

Q

A Data Structure Upper Bound



Redundant bits:  where  basis of  
Queries: , and  
Query time:  accesses to compute  ( -sparse)

⟨a*1 , x⟩, …, ⟨a*r , x⟩, a*1 , …, a*r A
qi = ai + bi ⟨qi, x⟩ = ⟨ai, x⟩ + ⟨bi, x⟩

t ⟨bi, x⟩ t

= +

q1

<latexit sha1_base64="XrX7Jt9rs4Gppmll9denh0q9sh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2m3bpZhN3J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEDTI2g</latexit>

q2

<latexit sha1_base64="/KluBkv+qNAuw8Aof0VZxca2U/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbuToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nSeujYjVPU4S7kd0qEQoGEUr3T32a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8E0I2h</latexit>

q3

<latexit sha1_base64="Vp2f6RIL2FVtxuXGVmfU8Ymg4u8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/YueqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMGVI2i</latexit>

A : rank r

<latexit sha1_base64="npNuWyNSpHaDAtUxjh0udJoToEg=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVgOIp6sVjBPOAJITZySQZMju7zPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunuCmIpDHret5NbW9/Y3MpvF3Z29/YP3MOjuokSzXiNRTLSzYAaLoXiNRQoeTPWnIaB5I1gdDfzG2OujYjUI05i3gnpQIm+YBSt1HXdm+s28idMiaZqRKa66xa9kjcHWSV+RoqQodp1v9q9iCUhV8gkNablezF2UqpRMMmnhXZieEzZiA54y1JFQ2466fzyKTmzSo/0I21LIZmrvydSGhozCQPbGVIcmmVvJv7ntRLsX3VSoeIEuWKLRf1EEozILAbSE5ozlBNLKNPC3krYkGrK0IZVsCH4yy+vkvpFyS+Xyg/lYuU2iyMPJ3AK5+DDJVTgHqpQAwZjeIZXeHNS58V5dz4WrTknmzmGP3A+fwADTpNE</latexit>

B : t� sparse rows

<latexit sha1_base64="R0T995s83Pz3nv/PbMVPElhedUs=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgeDHsSkDxFOLFYwTzgCSE2UlvMmT2wUyvGtYc/BUvHhTx6m9482+cJHvQxIKGoqqb7i43kkKjbX9bmaXlldW17HpuY3Nreye/u1fXYaw41HgoQ9V0mQYpAqihQAnNSAHzXQkNd3g18Rt3oLQIg1scRdDxWT8QnuAMjdTNH1Qu8bSN8ICJjpjSQFV4r8fdfMEu2lPQReKkpEBSVLv5r3Yv5LEPAXLJtG45doSdhCkUXMI41441RIwPWR9ahgbMB91JpveP6bFRetQLlakA6VT9PZEwX+uR75pOn+FAz3sT8T+vFaN30UlEEMUIAZ8t8mJJMaSTMGhPKOAoR4YwroS5lfIBU4yjiSxnQnDmX14k9bOiUyqWbkqFciWNI0sOyRE5IQ45J2VyTaqkRjh5JM/klbxZT9aL9W59zFozVjqzT/7A+vwBM9qWPQ==</latexit>

Non-zero entries in B
Q

A Data Structure Upper Bound



The Equivalence
Theorem [NRR19]:  is -rigid iff every 
systematic linear data structure with 
redundancy  has query time at least 

Q ⊆ 𝔽n
2 (r, t)

r t



Redundancy:  
Query time 

r
≥ t -rigid(r, t)

The Equivalence
Theorem [NRR19]:  is -rigid iff every 
systematic linear data structure with 
redundancy  has query time at least 

Q ⊆ 𝔽n
2 (r, t)

r t



Best known systematic linear lower bounds 

[GM07, CKL18]: t ≥ min { n
r

⋅ log ( |Q |
r ), n}

Theorem [NRR19]:  is -rigid iff every 
systematic linear data structure with 
redundancy  has query time at least 

Q ⊆ 𝔽n
2 (r, t)

r t

The Equivalence



Theorem [NRR19]: If  is -rigid then 
every systematic linear data structure with 
redundancy  has query time at least 

Q ⊆ 𝔽n
2 (r, t)

r t

The Lower Bound
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redundancy  has query time at least 

Q ⊆ 𝔽n
2 (r, t)
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The Lower Bound

Proof:
Redundant bits given by , and ⟨a1, x⟩, …, ⟨ar, x⟩ U = 𝗌𝗉𝖺𝗇(a1, …, ar)

 at a distance of t from q* U = 𝗌𝗉𝖺𝗇(a1, …, ar)

Claim: Query time to compute  is at least t⟨q*, x⟩

Query accesses  and ⟨a1, x⟩, …, ⟨ar, x⟩ ⟨ei1, x⟩, …, ⟨eik, x⟩

If , then . So U′ = 𝗌𝗉𝖺𝗇(a1, …, ar, ei1, …, eik) d(q*, U′ ) = 0 k ≥ t
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In contrast to [DGW18], need to prove 
polynomial lower bounds on the query time 
but will result in explicit rigid matrices. 



Consequences for Linear 
Data Structures

Theorem [NRR19]: If  and
, then there exists a  

that is -rigid.

Q ⊆ 𝔽n
2

𝖫𝖳(Q, 2n) ≥ ω ( log |Q | ⋅ n) Q′ ⊆ 𝔽k
2

(k/2, log |Q′ | )

Observation: If there is a systematic linear data 
structure for Q with redundancy r and query time t, 
then .𝖫𝖳(Q, n + r) ≤ t
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Vector-Matrix-Vector Problem

Goal is to design an efficient data structure that 

a) stores a -bit matrix  
b) compute queries , where  
are -bit vectors   

n × n M
u⊺Mv (mod 2) u, v

n

M v

u

= Tr ((uv⊺)M) = ⟨(vu⊺), M⟩



Systematic Linear Model 
[Val92,GM07,CKL18]

Redundant bits: ⟨A1, M⟩, …, ⟨Ar, M⟩

Query time: number of accesses to M

M v

u

= Tr ((uv⊺)M) = ⟨(vu⊺), M⟩

Query

Input data



 = the set of vectors corresponding to . 

Theorem [NRR19]: If  is -rigid, then  
 

Q {uv⊺}

Q (r, t)
t ≥ min {n1.5/r, n}

(A  factor improvement over [CKL18])log n

Rigidity Lower Bound for 
Vec-Mat-Vec
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𝗋𝖺𝗇𝗄(M) ≤ 2r/ n
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 = the set of vectors corresponding to . 

Theorem [NRR19]: If  is -rigid, then  
 

Q {uv⊺}

Q (r, t)
t ≥ min {n1.5/r, n}

(A  factor improvement over [CKL18])log n

Rigidity Lower Bound for 
Vec-Mat-Vec



(b) Improve explicitness guarantee in [DGW18]

Open Questions

(a) Prove better rigidity bounds for {uv⊺}

(c) What are the rigidity implications for  
lower bounds for linear data structures?

ω (log |Q |)




